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PKEFACE. 


In compiling this work the Author has read nearly all the 
best writers on the subject, — Bourdon, Hymers, O’Brien, 
Salmon, Young, and Woolhouse, all containing valuable 
information. 

In an elementary treatise like the present, it is impossible 
to go into the subject in such a manner as O’Brien and 
Salmon have done in their able and extensive works; yet it is 
to be hoped that the student will find this work an useful 
introduction to the more elaborate writings of those two emi- 
nent mathematicians, as well as to contain almost, if not all, 
the properties of the Conic Sections most in use. 

Mr. Gompertz, one of the most eminent of our English 
mathematicians, has just published a valuable tract on 
Porisms, which he calls “ Hints on Porisms, in a Letter to 
T. S. Davies, Esq.,'F.R.S., F.S.A.,” and in which he solves 
the following beautiful problem - connected with the subject 
before us : — A circle and a imrahola cutting each other being 
given in j^osition and magnitudey to find the 2'>oints of inter- 
section'' 

It is announced that Professor Davies is about to publish 
a treatise on this subject himself. This will be a work which 
those interested in Porisms will look forward to with the 
greatest interest, as Mr. Davies is undoubtedly inferior to 
no living geometer on these subjects. 

The student will find many examples fully worked out in 
this treatise, to some of which there are no figures given, but 
so clearly indicated as to give little trouble in forming them. 
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Section I. — Steaioht Line. 


(1.) The position of a point in 
termined by referring it to what 
co-ordinates, as follows : — 

Let there be taken in a plane 
two indefinite right lines AY, AX, 
inclined to one another at a given 
angle YAX. Now, if a point P be 
taken in the plane, it is evident 
that if PN, a line parallel to AY, 
be drawn, the position of the point 
P will be determined if AN and PN 
be given, since no other than one 
point can fulfil the conditions required by the relation of 
AN and PN. Now, AN and NP are termed the co-ordinates 
of the point P, AY and AX are called respectively the axis 
of ordinates and the axis of abscissm, and from their relation 
to one another co-ordinatal axes. And since in using the 
co-ordinates of a point the abscissa is usually denoted by a, 
and the ordinate by y, AY and AX are respectively termed 
the axis of y and the axis of x» The point A is termed the 
origin. In general the co-ordinate axes are taken perpen- 
dicular to one another; they are then called rectangular axes, 
and the co-ordinates are termed rectangular co-ordinates. 

(2.) We have said that a point P was determined by the 
co-ordinates AN and NP, This is not strictly true, for the 
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conditions imposed by tbe magnitude of the co-ordinates 
would be fulfilled also by another point, as shall be shewn. 

(3.) Produce the axes of AY and AX, as in the figure, so 
that the plane surface may be por- 
tioned out into four quarters. Now, Y 

suppose it is required to locate the 
point whose co-ordinates are a and 
h. Let AN = <35, NP=d; then 
is one point fulfilling the required 
conditions. But AN^ may be also 
taken = a, and NjP(= ^,N^P^=zb, 

NP^ = 6, and we shall therefore have 
four points equally satisfying the original condition, viz., that 
the co-ordinates should be a and b. But it is evident that if 
such ambiguity attend our determination of the position 
of a point, there will often arise inconvenience. This defect 
algebraic geometry supplies in the following manner: — 
A being the origin, AN is equal to -j- a, NP=-i-^. But 
the abscissa of a point situated o?i the axis of y, is = 0 ; so 
that at the termination of the first quarter of space the 
abscissa is = 0. And, similarly, a line measured in the 
direction AN^ , wdiich is equal in magnitude tn AN, must be 
analytically expressed by — (a), to show that w^e have passed 
the limit of the Jirst quarter, and come into the second 
quarter of space. In a similar manner, it will be easy to 
conclude that, if the ordinates be measured below the axis 
of X, they must likewise be affected with a different sign. 
The student should compare this with the change of sign in 
sin 6, cos 0, tan 0, &c., in passing through the four quadrants. 

(4.) It is evident that, conformable to these remarks, we 
shall have the following results : — 
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determine the point P 
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We thus see that the position of a point is determined by 
means of its co-ordinates. 

(5.) To complete the theory of points, we shall now proceed 
to determine an analytical expression for the distance be- 
tween two given points. 

To tind the distance between two given points referred 
to rectangular axes. 

Let the co-ordinates of M and M' = (:»'/), and 

let M'M = D be the distance; draw M'R parallel to the 
axis of X, then in the right-angled triangle M' RM, 

we have MM'-" == MR" + M'R", 
but MR = MP — RP = / — M'R = PP' = ^ — 3if\ 
MM'" = D" = ( / — /')" + (x' — a/y, 


x' 


y' 

D = \/(y - !f"T + (^ - 

This formula is general, and holds equally in the case 
where the points are situated in an opposite direction ; with 
respect to one of the axes, it is only necessary to change the 
sign which corresponds to the change of position. 

Thus, for example, to obtain the distance of two points, 
one of which, M, is in the angle YAX, and the other, M', is 
in the angle YAX', we must change the sign of sc", which 
gives 



* If the angle MM'R, or the angle which the right line MM makes with 
the axis of a? = we have «= tan « ; hut MR * y' — y"', and 

M'E ^ . 

. . — y-9" 
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Y 

for M'M= s= MR® + M'R®, and MR = y' — y", as before, 
but M'R = AP + AP' = aK + x", 

D = s/Cy-yT + CaZ + a/')®. 

If one of the points M he at the origin, then a;' = 0, 
y = 0, and the above becomes 

D = -y/y + x\ 

When the axes are oblique, the triangle MM'R is oblique ; 
then, by Hann’s Trigonometry, page 56, 



M'M* = MR2 4- M'R- — 2 MR . M'R cos MRM' ; 

but MR = y — y'; M'R = af — sxf' \ and cos MRM' = — 
cos MRK =— cosi9 {fi being the angle MRK, which is the 
same as the angle that the axes make with each other), 

... D* = (y~y')" + (y-yo 

or D = 
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Section II. 

(6.) Carves are divided into orders or degrees corre- 
sponding to the sum of the exponents of a? and y, and the 
term which contains the highest sum of exponents shows 
the order of the curve. Thus, y = x + a is an equation of 
the first degree ; y* + ^y + == 0 , y- — ^ 4- ;py — = 0 , 

are equations of the second degree ; and y^ 4- + x'y 4- 

cxTf" 4“ fta;y 4- CO? 4-/y 4“ is an equation of the third 
degree. 


Equation of the first degree. 

(7.) The general form of this equation is Ao? 4- By 4- 
C=0, the constants A, B, C, being either positive or negative. 

A C 

This equation may be put under the form y = — ^ 

B B 

, A , C 

or y = mx 4- ^ if ~ , 7^ = — — , 

771 and k being unrestricted as to sign. 

. So that we have two forms of the equation of the first degree, 

Aa 4- By 4- C = 0 ... (1), or y = mx 4- h ... (2), 
both equally general. 

(8.) To find the equation to a straight line. 



Referring the line to the rectangular axes AX and AY, 
let AN = X, PN = y, AB = h. 
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, PD P'D' 

By similar triangles, = 5 -;^= a constant ratio, 
S X) S D 

PN — DN PN—AB ^ . 

or — — = — — = a constant ratio, 


= a constant quantity ; 


^ PCX, which call m, 

BD ^ 

and we have = m, 

X 


y =imx, or y = 4 - A, the equation to the straight 

line. 


(9.) For oblique co-ordinates, the ratio — is constant, 

as before, but in this case we have 

PD __ sin PBD _ sin PCX 
BD sinBPD sinPBY’ 



If YAX, the inclination of the axes, = <9, and PCX, the 
angle which the line PC makes with the axis of x, = «, the 
above becomes 

PD sin a, 

BD ^ sin (0 — a) 
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(10.) To determine the equa- 
tion to a right line in terms of 
the intercepts on the axes*^'. 

The general equation to a 
right line is + C = 0, 

let AG = a and AH = h ; 

when = 0, -f C = 0, 

C 

/. y or AH 

ii 

when = 0, h.x + 0 = 0, 

c 

X or AO = . 

A 

Divide the general equation 
by C, 


Y 



c*+ c^+ 


1 = 0 , 


but 



B 

C 


1 


1 


... + i = 

X y 

or — I- ~ = I ; this is the equation to HG, which cuts off the 

d 0 

intercepts AH and AG, which are positive ; 


* The equation to the line G'H is evidently 
y *= q- ma: “h 

The equation to the line H'G, cutting the axis of Y below the origin, is 
y == mx — h. 

The equation to HG, having m negative, is 
y = — mx -f- h. 

The equation to the line G'H', which cuts the axis of x to the left of the 
origin, and the axis of y below it, having both m and h negative, is 
y — mx — A. 
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'^ = 1 is the equation to the line GH', which cuts off 

a 0 

a positive intercept on the axis of and a negative intercept 
on the axis of y ; 

— — is the equation to the line HG', which cuts off a 
ha 

negative intercept on the axis of and a positive intercept 
on the axis of y ; 

— 4 - ^ = — 1 is the equation G'H'. 
ah 

(11.) Let the angle y 

PAG = a, AG = G, 

AH=&, 

the intercepts of the axes, and 
let p = pei-pendicular AP, 

V 

GCOSa=p, . . G =s , 

COS oc. 



5 COS (90 — «) s=^, h \ 


COS (90 — a) sin a ' 


g* y 

these substituted in the equation — -f- — = 1, 


give ^ COS « 4- y sin a = p. 


(12.) Find the equation to a straight line passing through 
a given point. 

Let ^ be the co-ordinates of the given point ; then, as 
the general equation for every point in Uie line is 


y =:mx + h (1); 

therefore, at the given point, 

y = ma/ -I- 

mx' (2). 


Substitute this value of h in (1), and we have 

2 / — y = w (« — a?'), or y = m{x --a/) + /, 
or y = w a? + y — mx ^ ; 
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we have here determined but having no other given con- 
dition we cannot determine m, which, therefore, remains 
indeterminate, as it ought, for any number of lines may be 
drawn through one point. 

(13.) To find the eq[uation to a line passing through two 
given points. 

Let M and M' be the two given points whose co-ordinates 


are i/', and y". 

The equation will be of the form, 

^ + /t (1), 

and since each of the points M and M' is in the line, 

y = mx' 4- h (2), 

y" = mx'^ 4- h (3). 

Subtract (3) from (2), and we have. 


ij' = — a/'), m — ^ 


Substituting this value in equation (2), 

these values of m and 7i, substituted in equation (1) give, 

V-}/' . . 

!d-a{' 


for the required equation. 

Or thus : — subtract (2) from (1), and we have, 

y — / = (a? — a/), 

an equation which still contains the unknown quantity m. 
Subtracting (3) from (^2) we obtain, 

y — y" = w (ic' — «")» 
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Tha value of m substituted in tbe preceding equation gives 

(s). 

an equation which contains only given quantities. 


The identity of the equations (4) and (5) may be easily 
shewn : we find, from equation (6), 


y . y — / y — y' / 


which by reduction becomes, 


y-y' 

y = -T — ^ + 

ar — X 


a?' -a?" 


The second method is evidently much more simple and 
elegant than the first. 


(14.) To draw through a given point a right line parallel 
to a line given in position. 

Let x\ y be the co-ordinates of the point M, through which 
we can draw a line DH parallel to a given right line BL. 

The equation of the first right line being 

y = + li (1), 

that of the required line will be of the form 

y = m'o: + y (2), 

and h' being the two constants which we must determine. 
Since DH passes through the point M, the equation is 

y = rnf a/ d- W (3). 

Subtracting (2) from (3), we have y — y = w' (;i? — ; 

and because the lines are parallel, mf = m, 

2/ — y = 

which is the equation of the required line, and it differs only 
from the above equation by the ordinate at the origin, which 
is in this case y — w;p'. 
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(15.) Two right lines being given to find their point of 
intersection and also their angle of intersection. 


Let y = mx + A 1 
y = wf X + h!] 


be the equations to the two lines. 


At the point of intersection the co-ordinates are the same 
for both lines ; hence, at this point, 

mx -h 7fc = m' X -j- 7i' 

m' X — mx = 7i — h' 


X 


m' — m * 


this substituted in the first equation gives 


y=:m. 


h — h' 

— f- Zt, 

m — m 


or y = 


hmf — m hf 
mf — m 


therefore x = y = are the co-ordinates 

m — m m --m 

of the point of intersection. 

, 7i — 7i' , . 

If m' = m, we have x = — - — , y = ^ ; that is, 

these values are infinite, as they ought to be, as the lines are 
parallel. • 


To find the angle of intersection. See figure, page 13. 
Taking the axes rectangular and putting V for the angle 
of intersection ; in the triangle EMG, 

MGX = EMG MEG, 

EMG, or V = MGX — MEG = a' 

a and ot being the angles that the two right lines form with 
the axis of x. Then by Hann’s Trigonometry, p. 31, we have 


tan (a' 


a), or tan V 


tan a' — tan a 
1 -f tan at! tan a 


( 1 ). 


and since the axes are rectangular, tan a! = m', and tan a = 


tan V = 


m' — m 
1 4- m! m 


( 2 ). 
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When the axes are oblique, we have 


sin — a') * sin — a) 

From the second relation, 

sin a m sin (0 — a), or 
sin » = m sin 0 cos a — m sin a cos 0. 

Dividing by cos «, 

tan cc = 7n sin 0 — w tan cc cos 0^ 
771 sin 0 


tana = 


1 -f wi cos 0 


In the same manner, 

tan of = 


m' sin 0 
1 -1- m' cos 0 ' 


substituting these in (1) we have, 

7n' sin 0 ?n sin 0 

1 *4' vi' cos 0 1 -f cos 0 

tan V = y , 

^ 7717)1 Bm^0 

9 (1 rn' cos ^) ( 1 4“ wi cos 0) 

reducing and observing that sin^^ + cost 0 = 1, 


tan V = 


(m' — 77i) sin 0 


1 4- mw! 4- (wfc 4- m') cos 0 ^ ’ 

If we suppose c=r 90, sing = ] , and cos 0 = 0, we have 


771 — m . . 

tan V = r >, as before ; 

1 4 - 7717)1 


when V = 90, 1 4- w' = 0, . m' = J 

m 

when the axes are oblique 1 4- w . m' 4- (w 4- m') co3 0 = 0, 
, 1 4- cos /9 


/. wi' = — 


m 4- CO3 0 
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(16.) The relation 1 -f m . w' = 0 
can be shewn from the figure. 

The triangle EMG is right-angled 
at M; the two angles, MEG and 
MGE, are complements of each 
other, 

tan MGE = cot MEG ^ ® ^ 

— 1 
tan meg’ 

but tan MGX, or m' = — tan MGE, tan MEG = m, 

m! =— -i-, or mmf + 1=0. 
m 

(17.) From a given point to draw a perpendicular to a 
given line, and find the length of this perpendicular. 

Let BL be the given right line, and MG the perpendicular 
on BL, let xf and y' be the co-ordinates of the point M, and 
let the equation to the right line BL be 

y^mx-\‘h ( 1 ), 

since the right line MG passes through the point of ^ y, its 
equation will be of the form 

2/ — y = w' (;?? — a?') ; 
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but since these lines are to be perpendicular to each other, 
we have mmf -f 1 = 0, or 



therefore, the preceding equation becomes 

y — — (2). 

This is the equation to the perpendicular MG. Now, to 
find an expression for the length of the perpendicular MH, 
we have y\ the co-ordinates of the point M ; and if we 
can find those of the point H, we have only to substitute 
these four co-ordinates in the expression for the distance 
between the given points (art. 5), and we shall have the 
distance MH. 

As the point H is the intersection of BL and MG, we must 
eliminate x, y by the equations (1) and (2); thus, we must 
find the values of — x\ y — y\ considered as unknown; in 
order to do this we must put equation (1) in the form 


y — y = m (a? — a!^ — y' m of h (3), 

y— y = — — (2). 

Ifh 

Subtract, and we have 


0 = -f ^ (a? — a?') — 2/' -j- 771 0?' -f- /?, 


* If we take the general equation A;r-fBy-fC = 0, then the equation 
to a right line perpendicular to it is A (y — y") = B — x'), for 

A C 

y = mx + A, as m = — and A = — ; 

B B 

substituting this value for m, y — y' = — ~ (a: — xf) becomes 

ni 


y-y' = -^ (*-»'), or A (y-y) = B («-*'). 
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f y' — maf — /t m (y — maf — K) 


m H 

m 


-f I 


this value being substituted in (2), gives 

_ 1 m (y — m.t?' — /i) _ (y — 

2/ ^ " ““ ' 


m 


m- + I 


171^ H- 1 * 


Substituting these values of ai ^ a/, y — y, in the ex- 
pression for D, we have, putting P for the perpendicular, 

^ /w2(y — ma;' — 7i)“ +(y — ma;' — /if 

^ - V 

\/ {m- -—mx' —hy (y'— ma/— A) + 1 

{m^ H" Ij + 1 ^ 

p dt (y — “nix' — Ji) 

\/ wr + 1 

for the length MH. 


(18.) The double sign may be thus explained: y represents 
the ordinate MP, and mx' -f U represents the ordinate NP of 
BL, corresponding to af or AP ; hence, 

MN = MP — PN = y — maf — 1\, 

Now, this distance may bo either positive or negative, 
that is, it may be either greater than nothing or less than 
nothing, according as the point M is above or below BL ; for 
example, if the point was in M', we should have 

M'N' =N'P' — M'P' = ma/ + — y. 

When the point M is above the right line BL, in which 
ease y — mail •— ^ > 0, we have 

y — maf — h . 

P = --?====: I 

y/ 1 

and if the point M is placed below the right line BL, then 
we have the condition y — mx' — h < 0, 
maf + h — y 
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We can obtain both these results geometrically ; in fact, 
MP and MH being respectively perpendicular to AP and BL, 
it follows that the angle NMH equals the angle BLX = a. 
Now, in the right-angled triangle NMH, we have 


MH = MN cos « = — T - — « 

sec a v 1 + tan ^ » 

but MN = MP — NP 2/ — h, and tan oe, = m, 


MH = P = 


ma' — h . 


V + 1 

If the point M was below BL, we should have 
M'N' = ma/ ^ h -- y\ 
mx' -f 7i — 2/ 


\ P = 


\/ -f 1 


(19.) If the point from which we wish to let fall the 
perpendiculars be at the origin, we have in diis case x' = 0, 
y' = 0, then 

li 

P = -h — y===r > 

\/ wr 

this result is positive or negative, according as the point B is 
above or below the origin. 

(20.) Through a given point to draw a straight line which 
shall make a given angle with a given straight line. 

Let the given line be represented by the equation 
2/ = wia? -f /i, then, because the required line passes through 
the given point a?', its equation will be of the form 
y — y = m' (^ — and since these right lines ought to 
form an angle whose tangent is r, we have (art. 15.) 


* This is sometimes given P ' 


A -}- B -j- C 

A C 

patting — -g* for m, and — g- for A. 


which is found by 
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m — m m ^ m 

=: t, or = t : 

1 -j- mm 1 mm 

either of these equations expresses the tangent of the given 
ingle. 

We can comprehend these two expressions in one, thus 

m' — m , m 

■1 > = ±: t, m =: , 

1 + wiw 1 ip 

this value substituted in the above equation for ???-', gives the 
squation of the required line. 

- m±t 

5^ — y = — ^)- 

Examples on the Straight Line, 

1. The equation (2y + a?) (3^ — a?) = 0 represents two 
straight lines inclined to one another at an angle of 135®. 

The equation is at once resolved into the two 

Qy + a? = 01 
and 3y — a? = 0 J ’ 

01 ' ( 1 ) 5 ' = — 5 * 

I . 

and (2) y= | « 

3ach of which represents a straight line passing through the 
origin, since a? = 0, gives = 0. 

Now, the coefficient of x is the tangent of the angle which 
the line makes with the axis of x. 

Hence, if 0^ be the angle which (1) makes with axis, and 
be the angle which (2) makes with the same, 



and tan = -j 
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Now, if be the angle between the lines (1) and (2), 
P = 01 - 02^ 

1 1 5 


tanp = 


tan tan fig 
1 -f- tan fij tan fig 


^ 2'S 


1 1 5 *" 


6 


(p = 135°. 

2. Find the equation to a straight line which bisects the 
angle between the lines 

5y — = 0 (1), and 3y + 4^ = 12 (2). 

Let (x, be any point in the required line ; then, since 
this line bisects the angle between (1) and (2), the perpen- 
diculars from (Xj y) on these must be equal. 


Substituting in the formula P = 


the perpendicular on (1) 


A.X By -f- C 

\/a^ + ’ 


we get 


and that on (2) 


— 2^ + 6y 
v/4 + 25 ’ 

4;» -f 8y — 12 


v/io + 9 


5y— 2ic 4d?-f3y— 12. . . _ 

IS equation required, 

v/29 5 

t. e. (25 — 3 v/59)y — (10 + 4 y/'^)x + 12 y/^ = 0. 
But y^29 = 5'38, equation becomes 
8-86y — 31-52a! + 64-66 = 0. 

3. Find the angle between the lines whose equations are 
1 + 3a? -f- 2y S5= 01 
and 3 + 2a? — 3y = OJ 

These equations become 


3 1 


( 1 ). 
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mi y = ^ai + 1 (2), 

therefore, if dj be the angle which (1) makes with the axis of 
V, and $2 Rugl© which (2) makes with the same, 

3 2 

tan 0^ = — and tan 6^ = 

2 o 

tan 01 . tan 0^ = — 1 ; 

bence the lines are at right angles to each other. 

4. Find the length of the perpendicular from the point 
» z= 3, y = 5, upon the line 7a? — Sy = 9. 

The length of a perpendicular from a point a?, y, upon the 
line Ax + By -|- C = 0, is 

Ax -f- By -f- C 

s / a - + B- 

In the present example a? = 3, y = 6, A = 7, B = — 3, 
and C = — 9, 

— 15 -- 9 ^ 

" ^49 + 9 ~ y ii’ 

or, independently of the sign, the length of the perpendicular 

equds — 

v/58 

5. The following equation represents two straight lines at 
right angles to each other. 

2y^ — 8a?y — 2a?® — y + 2^ = 0 [(1), 

2y (y — 2a?) + a? (y — 2a7) — (y — 2a?) = 0, 

.*• (2y + a: — 1) (y — 2a?) = 0. 

Hence, equation (1) is resolved into the two 

2y + a? — 1 = 
and y — 2a? = Oj 
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fvhich evidently represent two lines at right angles to each 
Dther, for they are each equations of the first degree, and 
therefore represent straight lines ; and since the coefficients 
3f x divided by those of y in the two equations when mul- 
tiplied together = 1, the lines are at right angles to 

each other. 

6. In the figure to Euclid, book i. prop. 47, prove that the 
the lines FC, KB, and AL meet in one point. 

Take A for the origin, AG and AH for co-ordinate axes. 


Now, equation ^ 



and AD : AC : : FG : GC : : AB : AB 4- AC, 


AB.AC ,1 

AD = , and 

AB 4- AC AD 


1 1 
AC AB ' 


similarly, AE : AB : : HK : BH : : AC : AB 4- AC, 
AE 


AB.AC ,1 1 1 

■ — - and ■ 4“ ~ ~ * » 

AB 4- AC AE AC AB 


equation to FC becomes x ( — j — ) 4- = — 1, 

\ AC AB / AC 

MdtOKB ... + 


for P their intersection — ^ = 0, 

AC AB 

AN AC . . 

.*. — = — , ANP IS similar to ABC, 

NP AB 

and P is in AL, that is, the perpendicular from A on BC. — 

7. In the equation 4” + dy4-^^=0, find the 

relations among the coefficients, that it may represent two 
straight lines. 
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The condition is, that the equation may be resolvable into 
VO factors of the first degree, and since we observe that if 
= 0, y = 0, and that the coefficient of .r- = 0, we assume 
le equation to become 

(Aa + By)(Cy + 1) = 0, 

ACa:y + BC/ + Aac; + By = 0; 

►y comparing this with the original equation we get the relation 
mongst the coefficients — ^viz., 

a =r BC'^ 

b = AC 
d = B ’ 
e = A j 

ae = A ,B . C = bd is the relation required. 

8. A BCD is a parallelogram, AE 
md ED parallelograms about its dia- 
meter CB. Show that the diagonals 
of these, viz,, HF and GL, meet CB 
in the same point. 

Take E for the origin, EF and EL for co-ordinate axes, 
let HE = a, EF = d, EL = a', and EG = 5'. 

Then equation toHFis — — -j- ■— = 1, 

a o 





ANALYTICAL GEOMETBT. 


and for intersection of CB and OL, 

/I 1 \ , aa^ 

) = ^ = ;» 

\ a a J a -—a 

, ah 

and y = ; 

hence, HF and GL intersect CB in the same point. 

9. Prove that right lines 
drawn from the three angles of 
a triangle to the middle of the ^ 
opposite sides intersect in the 

same point. 5<: / V 

Let the axis of x coincide 
with the base of the triangle, 

and the axis of y be AY, the ^ i dp h g b~^ 
axes being rectangular. We 
must now determine the equa- 
tions of the lines AF, BE, CD, but before we do this we 
must find the co-ordinates of the points A, B, C, D, E, F. 

For the co-ordinates of the point A ... (t/ = 0, = 0). 

If AB = c, then the co-ordinates of I / ^ % 

the points 1 (y = 0.«; = c). 

For the point C (?/ = ?/', a? = a/). 

Now, as D, E, F, are in the middle of AB, AC, BC, we have 

AB c CH y a?' 

AD = _=-, KI=-=f AI=-. 


CH «' 
FO = — = 

s a’ 


BH c — a/ 


AG = a?' + 


c — xf c af ^ 


% 2 

this gives the co-ordinates of the points. 

D ( 2 / = 0, »= 
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' (>'“?• ’•‘iy 

" .(!' = T' 

Since each of the lines AF, BE, CD, passes through two 
Doints, and the general equation to a right line through 
:wo points is 

mhstituting for y, yf\ the corresponding values in 
:he figure under consideration, we shall obtain y and ;i? for 
3ach particular line. 

Since AF passes through the two points 


0 — : 


its equation is ^ — 0 

y 


2 


0 — 


c of 




y = 


c + x‘ 


X is the equation to AF (1) ; 


and, since BE passes through (0, 


0 — ' 


its equation is ^ — 0 = ^ (x — c), 


^ 2 


y 


ory = — (2). 

And since CD passes through {y', w') ^ 0 , ^ 
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its equation is (y — y') 


(a — ^), 


or y ?= y' 4- *7 -r 

(-'-i) 

j/'*' — ^ + 2/'* ~ 

" 71 ^: — 

2 . 


^ 

(•--I) 


2a?' — (? 


and from these a? : 


c + w' 

*~F“’ 


Or having the co-ordinates of AF, BE, CD, we may pro- 
ceed as follows : — 

Since AF passes through the origin, its equation is of 
the form y = aa?, and since it passes through the point 

f y' <? -h a? ^ relation 


y' /c + x'\ 

2 ="( — > = 


y 

^ + a?'^ 


the equation of AF is y = - ■ - a? (1). 

c -f- a? 

The right line BE passing through the point B, or (c, o) 
its equation is of the form y = a' (a? — In the Equation 
y — y = a (a? — a?'), we must put 0 for y, and c for a?', 
and a for a', but as this line passes through the point E, or 



ANALYTICAL GEOMETRY. 


25 


hence the equation to the line BE is 

y 


y’=^ 


( 2 .) 


— 2c 

In the same manner for CD, 

(3> 


From equations (1) and (2), 


{x — e). 


c -j- ^ sif — %c 

of tf . a: — 2 cy ' . x = c ]/ . x — + a / ^ . x — ca/y\ 

or by reduction, 


2cy\x = cy' {c + a?'), x = 


c -f- ^ 


V* 

substitute this value in (1), and we have y = ~. 

o 

From equations (1) and (3) we have, 

— 4— = (2a7- c) 

c + a/ 2a/ ^ ' 

%a/y^ .X — cy' ,x = ^icy'.x — cy -f- 2a?y .a? — car'y', 

c 4- a:' . 


or ^cy\x ^ cy'{c a?'), 


a? = 


3 


and, consequently, y 




Hence we see that the co-ordinates of the point of inter- 
section of the two right lines AF and BE are identical with 
those of the point of intersection of AF and CD; thus the 
three lines intersect in the same point. 

In reflecting upon the preceding analysis, it is easy to see 
that the procedure is the same whatever be the inclination 
of the axes. 

c 
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However, they become more simple when we take AB for 
the axis of x, and take for the axis of ordinates a straight 
line AY parallel to CD, which we can do when the line CD 
is given in position. 

In that case, it is plain that the abscissa x' of the point 
C = AD, or where c = 2^, and the equations (1), (2), (3), 
will be as follows : — 


the equation to the straight line AP, y = x, 


the equation of the straight line BE, y = — 


1 . 

3 




the equation of the straight line CD, x = x\ 


(since the last line is parallel AY.) 

These things being premised, combining the last equation 

y' 

with the first, there results y and combining it with 

3 

the second, there results again y = —• 

L> 

Thus the co-ordinates of the point of intersection of CD, 
AE, and of CD, BE, are 


X = a/ y 



CD 

T"* 


This proves that the choice of axes influences the sim- 
plicity of calculation in resolving questions by Analytical 
Geometry. 

10. To prove that the perpendiculars drawn from the an- 
gular points of a triangle cut one another in the same point. 


* Since the line AF passes through the origin and makes an angle with 
of abscissae = tan'^^ and since the line BE makes an angle with 

OJC 

v' 

the same axis =: tau~^ — and cuts the axis at a distance %ic! from 
ox 

if / 

the origin, its equation is ^ ^ ^ ‘0* 
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Referring to rectangular axes, since we have to consider 
the relation of perpendiculars ^ 
from two sides, take for the axis 
of abscissae the line AB, and for 
the axis of ordinates a line per- 
pendicular to AX, at A. 

Let c = AB, a?', y' the co- 
ordinates of the point C, w^e 
shall have for the equation of 
CD, a? = A*' ( 1 ), since it is pa- 
rallel to the axis of y. 

Having found the equations of AP and BE, we must com- 
mence to find that of the lines CB, AC, to which they are 
perpendicular. 

Since the line CB passes through two points (y, a?'), and 
(o, c) its equation is y — y' ^ a {x — a/), a having for its 

v' 

value - - ^ when we put y = 0, a/ = c. 

That of the line AC passing through the origin is y^mx, 
m being = since the point C is on that line. 

X 

Those things being done, as AF passes through the origin, 
it has an equation y=za'x; and, as it is perpendicular to 
CB, we deduce the equation aa' -f 1 = 0 , where a' = — 

1 C C x^ 

- = — ; — , since the equation of AF is v = — 7— x. (2). 

ay' y 

The line BE passing through the point B, where the co- 
ordinates are o, c, has for its equation y = m' (a; — c). 

But since it is perpendicular to AC, there results the 

1 0^ 

relation mm' +1 = 0, where w' = .= 

m y 

Lastly, therefore, the equation BE is 
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Combining the equations (1) and (3) for we get 

— \ {c — x')af 

»' =— F — 


therefore, the co-ordinates of the point of intersection of CD, 
AF, are the same as those of the point of intersection of CD, 
BE ; wherefore we conclude that these three lines cut one 
another in the same point. 


Section III. — Cibcle. 

Equation to the Circle. 

(21.) Let there be a circle having the radius r, the centre of 
which is O. Let us refer to the 
axes AX, AY, then if a, be the 
co-ordinates of the centre x, y, the 
CO ordinates of a point M, in the 
circumference, we shall have, evi- 
> 

.ay + (y-ey = r\{l). 

This relation (1) characterizes 
equally every point in the circum- 
ference, since M may be assumed 
anywhere. 

Let N be a point taken without 
or within the circumference, x and y being the co-ordinates 
of that point, we have 

(x - ay + (y^ py = OaN® (2). 

But it is clear that ON > or < OM, accordingly as the 
point is on the exterior or interior of the circumference, 
whence there necessarily results 

(x — ay 4- (y — ^y > or < r®, 

as the point is without or within the circumference. 

Thus it is evident that the relation (1) does not hold, 
unless the point is on the circumference. 

The constants «, ]?, r, are the co-ordinates of the centre of 
the circle, and the radius, whence the circle is completely 
detemined when these constants are given. 
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The general equation admits of modification according as 
we take the origin. 

If A, a point in the circumference, be taken as the origin, 
we have -h jS- = 

From the form (1) 

— 2a£C + 

since (a^ 4- /S^ = 

we have x*'' — 2olx + = 0 (3). 

If 0, the centre, be the origin, the equation is (since 
a and /3 = 0) 

= r- (4). 

If the origin be at A", the extremity of the diameter 
which coincides with the axis of Xy we have 

• ^ 4- = 2 ra; (5). 

If in (3) we make y = 0, there results — 2aa? = 0, 

a?(a; — 2a)=0, /. y = 0 is satisfied by either a? = 0 
or a? = 2a, which shows that a; = 0 ; j?/ = 0 is placed on the 
circumference, as the value 0 of ^ corresponds to a7= 2a 
as well as to a? = 0; it follows that the circumference cuts 
the axis of a? at a second point, C, where A'C is double of 
A'D, therefore the chord A'C is cut into two equal parts by 
the perpendicular from the centre of the circle, a well-known 
geometrical property of the circle. 

Taking (6), = 2ra? — = a; (2r — a:). 

Now, y = MR, a; = A"R, 2r — a? = GR, 

.-. MR2 = A"R X GR, 

A"R : MR :: MR : GR; 

that is, the perpendicular let fall from a point in the circum- 
ference on a diameter, is a mean proportional between the 
two segments. The equation may be put 4- = ^^ra?, 
but if we draw the chord A"M, 

MR* 4- A"R^ =; A"M% 2r = A"G, = A"R, 
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therefore, . A'^K, 

that is, A"G : A"M A"M : A"R, 

^vhich proves that the chord drawn from one of the ex- 
tremities of a diameter is a mean proportional between the 
diameter and a segment formed by the perpendicular let fall 
from the extremity of the chord on that diameter. 

This is another well-known geometrical theorem. 

The equation to the circle is much more complicated when 
the axes are oblique. 


Y 



We have for the equation to the circle referred to oblique 
axes (in the same way as at article 5), 

(x — ay + ^ 2 (a? — a) (y -- iS) cos = r®, 

where (p is the inclination of the axes. 

(22.) To determine the conditions which are to be fulfilled 
in order that two circumferences of circles may cut one an- 
other, or touch at a single point. 

Let oo' be the centres of the two circles, r/ their respective 
radii, and let oo' = //, the distance between their centres. 

Take the line through the centres for the axis of x, and for 
the axis of ?/ the perpendicular OY, on the point O. 

The circle, of wLich the radius is r, wdll have for its 
equation 

r = (1), 

the other circle, the co-ordinates of its centre being o and d, 
has for its equation 

^ (a df =r 


( 2 ). 



ANALYTICAL GEOMETRY. 


81 


These things being premised, to express where the two 
circumferences cut, and to obtain the points of intersection, 
we must eliminate x and y by combining (1) and (2). 

This gives 

r'2 + 

y^-id s/id^r^-(r^-r'^ + dj (4). 

We now can proceed to the discussion of the point proposed 
for consideration. 

If the quantity (4) under the radical sign is positive, in 
that case the values of x and y are real, and the circum- 
ferences have two common points. 

Proving that the two points of intersection are on the 
same abscissa, OP, having the two ordinates equal, but of 
opposite signs. 

Therefore, at every cutting of the two circles the line 
joining their centres is perpendicular to the common chord, 
and bisects it. 

However, since y may be real or imaginary (x being always 
real), we will transform the above expression. 

The quantity (4) under the radical is evidently 


= (2<fr + 4- 6?^ — r'-’) (2 dr — — • ci® -f 

= {(r + d)" — r'-} — (r — d )^} == 

(r -f r' 4- d) (r — r' 4- d) (r 4- / — d) (r' — r 4- d), 
y = ± ^ \/(r 4- r'— d) (r— / 4- d) (r 4- r' 4- d) (/ — r 4- d); 

under that form, as the third factor r 4- / 4- d, under the radi- 
cal sign, is necessarily positive, y will be real, according as 
the three other factors are positive, or one of the two posi- 
tive, and the other two negative. 

But this last circumstance cannot exist, since, if one of the 
three factors is negative, the other two are necessarily posi- 
tive. For example, suppose r 4 - d — / is <0, 
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r d < r\ r < / and d < /, 
r' — r + (/ and r' — d r are positive, 

and, d fortiori, the three factors cannot all be negative at 
once. 

Therefore, the only case is where the three factors are 
positive at once, and in that case 1 / is real; that is to say, the 
two circles cut one anotlier when the sum of each two of the 
quantities r, /, d is > the third. 

Now, if one of the three factors is ( — ), and the other two 
(-f-)» in that case ?/ is imaginary, and the point is not a point 
of intersrrtion. Therefore, the two circumferences liave not 
a common point. 

But suppose that any one of the factors is = 0, it gives, 
therefore, y = rh 0, and the two circumferences have only 
one common point, wliich is necessarily on the line joining 
the centres, nhere the ordinate is zero; therefore, two circles 
touch when the distance of the centres is equal to the sum 
or difference of the radii. 

Perhaps no example than this more strikingly shews the 
advantages resulting from the application of Algebra to 
Geometry. 

(23.) To find the equation to the tangent to a circle. 

Let us at first consider a line to pass through two points 
whose co-ordinates are {x\ {jd' y"'), the equation to this 
line is, by art. 13, 



and if we combine this with the two equations 

^'2 + ^ 



these two latter equations hold because each point y'), 
(a?", y"), are in the circumference of the circle. 

Subtract (3) from (2), and we have 

+ (4); 

but since the difference of the squares of any two quantities 
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is equal to the product of the sum and difference of the same 
quantities, we have 

(y + yo (y — yo + («' + ^'o = o ; 

y-y'^ + 

•• y +y'’ 

If this value he substituted in (1) it becomes 

y-y 

When the tw’o points merge into one, the secant becomes a 
tangent, and we have x' = rc", and y = ^Yhich gives 

y — y” — ^ {x ~ a/'), and a!'- + y"- = r= . 

y 

By means of these two equations we obtain the equation to 
the tangent in a more simple form. Clearing the former of 
fractions, we get 

yy" + xx' = x"'^ H- y'% or yy" ^ xx" ^ r", 
since by the latter, x"' -f y'“ = r^. 

This latter form is easily re- v 

membered, from its analogy to 
the equation of the circle. If 
in this latter form of the tan- 
gent we make y = 0, then x x" 

= r', or , '^^hich is the ab- 

X 

scissa OR of the point where the 
tangent meets the axis of x ' ; 
also we have PR = OR — OP ; 
or, 





This line PR is called the subtangent, 


c 3 
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Transformation of Co-ordinates. 


(Q4.) Tlie most general problem of transformation is as fol 


lows* — an equation being gneii 
between x and ?/, referred to 
any ^^llat^oever axes, to find 
the equation \\lien ^^e pass to 
two new axes 

Let AV, AX, bo two axes to 
wliicli tlie curve is re- 

ferred by means of some equa- 
tion r Cx. if) == (_l; A'X', A'Y', 
two ne^^ axes. 



Let AW P3I = .r, and //. re‘>peclively, be the old co- 
ordinat(">, and x\ ?/, or A'r'. r'M', the new ones. 

'^^'e s( ( k now to express x\ ?/, in terms of x, //, or 
vice rersd. 

Let A'\" and r'll he drawn parallel to AX, A'Y", and P'K 
parallel to AY produce A'Y" to R. 

Let Alt = (7, A'l5 = />, X'A'X"=:a. Y'A'X" = a', and 
Y"A'X'' -= o. 

a and /> arc fnoiMi quantities, tlie coordinates of the new* 
origin 

As to the angle it is always given (d joiori), since it is 
the anple which th(* old n\('s make with each other. 

’\^'o sli.dl now procc' d to gne the princijial cases 


Cera 1 The most simph* iT all cases is that in which the 
two mw a ^(^s are janalhl to the old niie" ; that is to sa\ , the 
axes cdutinue lu the sjirne diiectioii, the origin alone being 
diilerent. Tlu'n, 


zzz. X -j- 

I// = ;'/ + 


(I), 


AV or .(• = AI5 + r.P = (T + A'K + I’'H, 

ISM or 7j = A'15 + ML = i + P'K + Mil ; 

tlicsc being reduced, we can detcruiiiio A'K, P'K, PlI, 
and Mil. 
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But, in the trianp;les A'P'K, MP'H, we have, hy Hann 
Trigonometry, page HT), 

(I.) A'K : A'P' : : sin A'P'K : sin A'KP'; 

or because A'P'K = P'A'V" = ^ — a, and 

A'KP' = A'L^M == TT — MLX" = tt — 

/ , . ^ , .-r'sinf^ — - u) 

A K : a; : : sin — a) : sm A K = ; — ^ , 


(2.) P'K : A'P' : ; P'A'K • sin A'KP', 


P'K = 


0 )' sin a 
sm ^ 


(3.) P'il 3IP' • sin P'AIII : sin P'HAI, 
or because P'3J11 == V'A'V" = (o - 
P'lni = A'LM = 9r — (T, 

P'H • ?/' • : sin (o -- a') • siiiC, P'H = 


- »'), and 

y sin (4* — 
sm 


a') 


(4.) IMH : MP' :: sin MP'JI : sin P'lI^I, ]MH= — 

sm 

tberefore. putting these values in the expressions for A’, i 
ol'l.un 


:r' sin (o — r/) + v' 

— — i i — cf 

sin o 

.r/ sin cy V "'in a' 

If ~ i h h 

sm o 


( 2 ). 


Tlicse are the formulas most general in the transformatioi 
of co-ordinates of A\liicb it is easiest to deduce particula 
coi responding formulas to all the positions of the now origin 
and to the ditlerent directions of tlie new axes with respect t( 
the old ones, in giving to a, h, these suitable Milues, positiM 
or negate e, and to tlie angles u and of all values fioni o 

up to 77. 

‘2. To pass from a system of rectangular to a system o 
oblique axes. 
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In this case, let ^ .*• sin^ = 1, sin — a) = cos «, 

and sin — a') = cos a'; consequently, vre have 

X ■= x' cos a 4- ?/ cos cxf a ^ .Qx 

y = x' sin ct y' sin a' -f j 

3. To pass from one rectangular system to another. 

TT TT 

In that case, ^ a' = - -f a, 

(« ri 

sin ^ = 1, sin — a) = cos a, 
sin (o — a') = sin ^ ^ — - — a ^ = — sin «, 

sin a! = sin ^ ^ 4- a ^ = cos a, 

X ^ x' cos X — y' sin a 4- « ") 

y == y cos a 4- sin a 4- 3 ^ 

This is a very useful transformation. 

4. To change from an oblique to a rectangular system. 

In the general formula a' = ^ 4- a, sin a' = cos a, 

sin (n — a) = sin ~ = — cos — a), 

x' sin (n — a) — y cos (Q — a) 


y = 


sm rj 

sin X 4- y cos x 
sin i 


4- ^ 




...(5). 


If the angle « be negative, then its sine will be negative, 
but the cosine will remain positive; we have the following 
modification, which will be found useful ; 


X = 


y = 


sd sin X — y cos x 
sin {a! — a) 
y cos X — X* sin X 
sin {a! — a) 


( 6 ). 
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Section IV. — Parabola. 

(25.) If there be taken the fixed line VF, and a fixed point 
S, then if SP = VP, the pei*pendicular distance of P from the 
line VF, the locus of P, is the parabola. P 

Through S draw the i)erpendicular LS, 
and bisect it in A, then it is evident 
that A is a point in the curve. 

To find the equation to the parabola. 

Referring to rectangular co-ordinates, ^ 
let A be the origin, AN = a?, NP =y, 

LA = AS = a ; 

F 

then VP = LN = SP, 

LN~ = (^ -f ay = S'P^ = ^ -- 4aa?. 

If S be the origin, then it is evident that y* = 4a (a; + a), 
for in that case SN = ic. 

If L be. the origin, then y' = 4a(a? — a), since LN is 
then = X, 

Polar Equations. 

If S be the pole, ASP = 

then r = SP = LN = 2a — 2rcos 0, r = 

l-fcos9 

or = — (Hann’s Trigonometry, page 27.) 

• •) ® 
sill'' - 

It is evident that since 4 a may be made to equal any constant 
quantity, the equation to the parabola may be written y'^px. 
If X = a. then the corresponding value of ^ is 2a, there- 
fore the double ordinate through the point is =4 a. This 
double ordinate is generally termed the parameter, or latus 
rectum. 

properties of the parabola. 



(26.) 

(/, ^). 


Properties deduced from the Tangent. 

The equation to a straight line passing through 
(/', ^0, is 
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and by the property of the parabola 


= 4 ( 2 ), 

and = 4 a a;" (3); 


therefore, subtracting (3) from (Q), 

(/ + /O (/ “ /O = 4a (a;^ - ^'0, 


V ■— .V 


4a 


• • y 4- y'^ 

hence, by substituting (1), becomes 

?/ — y'" = -7 r, (•'T — x^). 


Xow, let the points (jr^ ;/), (.r", //"), approach indefinitely 
near to one another, then the secant joining these t\NO points 
l»ecoraes a tangent, and its equation is 

^ (.r _ y) (4). 


This equation may be put under a different form for mul- 
tiphing by and transposing, 

?/ y = Qax — + ?/~ 

= 2 — 2 a -f 1 -r' 


= 2(f (.r -f- x') (5), 


an equation closelv analogous to tlie equation of the curve, 
and only differing from it ni this, that y' and 2.r are replaced 
by vy and (x -f x). 



Jn the annexed figure, suppose P to be a point in the 
curve AN = X, NP = y, PT a tangent to the curve at P, 
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cutting the axis of w at T. Then NT is called the suhtangent, 
and if PK, perpendicular to PT, he drawn cutting the axis 
of X at K, PK is termed a normal, NK the s\thwrmal. 

Now, from (5), when y = (J, x — — x\ therefore, NT = ^ x', 
therefore, the siihtangent is equal to tuice the abscissa, a very 
useful and imj)ortant 2 )roperty. 

8ince the normal is at right angles to the tangent from (4), 
— 

(h), y — y = {x — is the equation to the normal. 

I’o find an expression for the length of the subnormal NK, 
put V/ = 0 in (0), X — x' — 'X a ■=. NK, a comtant 

length (tf tangent is + NT’ = X \/ ax' -f .r'-, (7), 

length of normal is \ '^NP'^ q- NK* z=z X s/ ax' a\ (8). 

We now prot'ccd to the investigation of some properties of 
the parabola. 

When y = tliat is, when the tangent passes through 
the {'xtremitv of the parameter, t])c tangent and normal are 
('qual, and also the subtangent and subnormal, 

equation of tangent is then y — = (.r — a), 

y (x -h a), 

Tlicrefore, any ordinate to tlie focal tangent = rad. vector 
of the ]ioint wIk'TO tin' cu’dinate cuts the curve, so that the 
focal tangcMit cuts otV from tlio tangent tlirough the vertex 
a })art ecjual to the distjuu'c of the vertex from tlie focus. 

])i-aN\ l]i(‘ line HP ])er])('ndicu]ar upon the ilirectrix. 

Then SP z= IIP = I)N = TS, and HTSP is a parallelogram, 

HP* + PT* — ST* PT’ PT"* 

cos IIPT = = = , 

X II P . PT X • IIP ' PT X SP PT 

_ PT 
““ ' 

The triangle UPS being isoseides, PT bisects the angle 
HPS, and it also bisects Ils at right angles in Q ; the point Q 
is always on the axis of ordinates ; 


Z- HPT = Z. SPT, 
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therefore, the tangent at any point bisects the angle made by 
two straight lines, one drawn to the focus, and the other 
perpendicular to the directrix. 

ST = AS 4- AT = a + a:, 

SK = SN + NK = — a + 3a = a? 4 a, 

ST = SK, but ST = SP, 

SP = ST = SK, 

From P draw PX' parallel to the axis 
T'PX' = PTS = SPT, 

KPX' = SPK. 

The radius vector and the diameter at the point of contact 
are equally inclined to the tangent. 

These are some of the principal parabolic properties, others 
will be referred to afterwards. 

(‘27.) The focus S and any 
point P being joined, and a circle 
described on SP as diameter, 
this circle shall touch the axis 
AY. 

Through P draw a tangent 
cutting axis of (y) in Y ; through 
Y draw YC perpendicular to AY, 
then from equation to tangent 

= 4 ^), 

and equation to AY, a; = 0, 

we nnd A Y = y = — p- = ^ 

(since x ' is a point in parabola), 

PN 

.-. BC = — , SC = CP, 

til 

or C is the centre of circle, and CY = CP, for the angle 
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CPY = the angle CYP ; hut CY is perpendicular to AY, there- 
fore the circle touches AY. 

(28.) Any chord Pj9 is drawn through S, the focus to a 
parabola; shew that 

4SP.Sj9 = L(SP -f S^), 

L being the (latus rectum), 

SP = AN 4- AS, 

Sp = An + AS; 

and SP : Sp : : SN : nS 

:: (AN — AS) : (AS— Aw) 

(SP — 2AS) : (QAS — Sp), 

SP (2 AS - Sj[>) = Sp (SP — 2AS), 

2 SP , S2> = 2 AS (SP -f Sp). 



But 4AS = BB' = L, 

4SP.S2) = 1j.(SP -f S}}). 


(20.) In a plane triangle ABC, 

AB be fixed, the locus of C is a 
parabola vertex A and focus B. 

Take A for the pole, AB the 
initial line, AC = r. Find O, the 
centre of inscribed circle, and join 
OA, OB, OC, and draw perpen- 
diculars OP, OQ, to the sides of 
triangle. 


if 


tan A tan 


B 

"2 


= 2, and 


c 



Now, r = AP + PC = OP 




= OP jeot ^ + tan —^1' 
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and OP = OQ = QB tan ~ = (AB — AQ) tan ~ 

/i 


= ^ AB — OQ cot — ^ tan ~ » 

^ f . A B \ B 

OQ -I- cot ~ tan — j = AB tan — , 


OP = OQ = 


B 

AB tan — 
2 


, A B 

1 -f cot tan — 


AB tan 


I ( 


A B 

tan — > -f tan — 
, A 1) ^ 2 

I cot h 


. A 15 J ' .A B 

1 4- cot — tan ~ f 1 tan — tan — 


AB tan - 


( 


A , A 
cot h tan 




A B i A B t ' 

1 + cot — tan — / 1 — tan tan ■- ^ 

4/ V 4 , 


But tan A . tan ^ = 2, 


tan ■ 


1 — • tan^ 


tan ■ 


o A 

1 — tan' — 
BA 2 

— X— ■ 

W- 
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A B ^ ~ A 

.-. 1 + cot|- tan” = 1 + -^-i- = cot=-. 


tan- 


2 


and 1 — tan — tan ™ = 1 — f 1 — tair ~ ^ = 

\ / 

A 


tan^ 


1 — - tan' 


r = AB- 


tan- 


*2 / A \ 

cot- + tan — j, 


= AB ^ I — j ^ ] + cot- 


= AB • 


2 cos A 
1 -f- COb A 


1 


o 


— cos A* 


Putting for AB (c), and for A . (6), we get 
4c.cus0 4 c. cos 0 

J — cob' 0 feiii' 0 ’ 


^^llicll is the equation to a parabola \crtex A and focus B. 


Section T. — Ellipse. 

(oO ) An ellipse is a curve in A\liich, if P be any point, 
SP -f PH is a constant quantity, S and II being two fixed 
points. 

Bis(^ct S, II in D, draw a perpendicular through D, and 
make 1)B = DA = a, AYilli centre S, or H, and radius = a, 
cut tlie perpendicular in tlie points C and E. It is evident 
tliat A, B, E, are jmints in the curve, and that tlie curve 
is divided into four equal and similar parts by the lines 
CDE. ADB. 

Let DS : DA : : c : 1, therefore, DS = ac. If c = 0, 
DS = 0 = DH, and therefore the points S and H coincide 
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with D and the ellipse he- c 

comes a circle. If ^ = 1, then 
DS = DH = DA = DB, and it 
is evident t})at the points of 
the line AB are the only ones a 
which satisfy the required con- 
dition, since PA -f PB > AB, 
whenever the point P is above 
the line AB. It is evident 
that^ > 1 is inconsistent with the conditions of construction. 
This quantity e is generally termed the eccentricity. 

To find the equation of the curve, let D be the origin, 

DN = .r, NP = f/, AD = CD = ft, 

SP’=y‘^ -f SN~=y'-f (a? — aey = y'^ -j-are' — Q>aea!y 

HP' = -f H = y- -f (.r -f a c)' = y' -f a?' -f a' c" -f 2 « cor, 

.*. HP2 — SP2 = (HP + SP).(HP — SP) = 4a^;r, 

HP — SP = (]), 

HP2 + SP' — 2 HP . PS = 4 

and HP- -f SP' = 2 (if + .t" a'r), 

.'. 2 HP . PS = 2y- + (2 — 4^'0^- -f ^are\ 



HP2 -f SP* 4- 2 HP . PS = 4 [y~ -h (1 — 

but (HP H- SP)' = 4 a*, 

(1.) r = (1 ~ e^) {cr - x ) 

is the equation to the ellipse, the origin being at the centre ; 

DA* — DS* DC* ft 
(1 — e^) = since 


DA* 


DA* 


DS 

e = , and SC = DA ; 

DA 
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is the equation, a and h being termed respectively the semi- 
axis major and the semi-axis minor. 


If we had taken CD as the axis of a?, the equation would 
have been 



If the origin be taken at S, SN = ar, or NP = y, and for x 
in equation (1) substitute (:?? + ae), 


y- = (I — e^) (a^ — — a?- 2aex) 

= (I — c") (Jb^ — — ^aex) (2). 

If H be the origin, 

y- = (I — - e^) + a?- + ^aex) ......... (3). 

If A be the origin, 

y** = (1 — O (2 ax — a?') (4). 

Some properties of the ellipse are directly deducible from 
these equations, from (1), 

NP^ = ^.(BD*-DN=) 


CD^ CD“ 


NP^ . BD® = CD’* . AN . NB (A). 

from (4), = — . (2 a — «) . ar, 

a 

■, CD"* « 

NP= = . BN . AN, 

DB^ 

NP- . OB'* = CD’ .AN . BN (B). 
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We may also deduce the polar equations to the ellipse. 

Let D be the pole DN = a*, NP = ^, DP = e, PDN = 0, 

x z=z r cos 0, ^ = r sin 0, 

r X- /tn o/simG cos-0\ 

from equation (1) r- f — 1 — \ = 1, 

g h~ Ir ir 

a' bin' 0 -p COS' 0 d' — (a- -- b') cos' 0 

r— — ^ 

\/ ] — COS' 0 

If S be the pole, SP = r, IIP = 2a — r, PSU = 0, then 
(2a — r)' = ?*' -h -la'c* — 4acr cos 0, 

4a‘^ -r r' — iar = 4a'C' + r' — 4ac?’Coa^, 
a' ~ ar =z are' — acrcosd, 
a — ?' = a^’ — er cos 

1 — e’ cod 0 

(31). We shall next ])rococd to ilie in\ e'^tif:f^ltion of the 
equation to a tan<^ont at any ]Kunt P in the ellipse, since the 
princijial properties de]>end upon the tanooiit. 

Let us take a point wlio^e co ordinates aic x', j/' 

Take a contiguous point A\hose co-ordiiiatcs are 
We ha^e, therefore, from (J), 

= ( ] —e") (or — x'-) 

= _e^) (a- - O. 

••• (y' + yo (y - yo = - (> - o") («-•' + '^■'0 
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The equation to a line through the two points is (X and Y 
being the co-ordinates of any point in the line) 




-f , 

- e ) — 7, (X — ^ 

./ + / 


Now, this line is a secant, but if we suppose the points to 
be taken indefinitely near one another, ultimately this line 
becomes a tangent. 

Hence, making = £c'\ 1 / = we obtain 
Y-y=-(i-.=)^(x-y) 

as the equation to the tangent. 

We must now liiid the values of the subtangent, normal, 
siibnornial, &c. 

V - / = — (I - C-) y, (X — x’) 
the equation to the tangent. 

a/ 

Let Y = 0, .-. — 7 / -f- — (1 ~ e-) -7 (X — x'), 

y 

and X — ;??' = — - — ^ 

1 — ij- ar 
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X = 




( 1 — e'') a/ 


DT = 


(1 — (?-) or 

1 i ~ -- DT 

( 1 - 0 ^ 

BD^ 

1 ^’ 


(The student must observe, that in deducing the equation to 
the curve, we called DN and DP, x and y, respectively, since 
we were not investigating a relation between any two 
iicular co-ordinates, but a relation betwpen each pair. Ilere, 
however, P being supposed to be any jiarticular point, it is 
most proper to denote its co-ordinates by x' and y\) 

DT , DN = BD^, or DN : BD : : BD : DT. 


The sub tangent NT = DT — a;' = 
{a 4 " — ^') 


NT == 


ND 



AN. NB 
ND ’ 


also, BT = 


*. NT.ND = AN.NB, 

dr^aa/ NB . DB 


x' ND 

BT . ND = NB . DB. 

In the equation to the tangent, make X = 0 ; 

y / 

DG.NP = DC''; 

also, CG = — — J = 

(if PV be drawn parallel to AB) 

CV . CD 
VD ’ 


VD.CG = CV.CU 
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A similar relation to BT . ND = NB . DB ; in fact, the two 
relations together may be thus expressed : — 

If a tangent be drawn at any point, if, also, perpendiculars 
from that point bo let fall upon the principal diameters, the 
distances between the extreme points of tlie diameters, and 
the points where the tang('nt meets the diameters, are to the 
distances between the extreme points and the feet of the per- 
pendiculars as the diameters are to the distance between the 
feet of the perpendiculars and the centre. 

(3*-2 ) Since the normal is perpendicular to the tangent, and 
passes through .r', y\ 


,, , Z/ (X — oj) . . 

\ — y = — r, ; rr IS lis equation. 

a; (i — e ) 

IMuking Y = 0, —y’='L. (X - .r'), 

/p' 

— 1 = and X = e x' = DK, 

( I — a? 

DK DS- 

— =^. DK.DB= = DN.DS^ 

Again, the subnormal NK = (1 — c')a/ 

h' , DC- 

= — ^ = r, . DN, 

a- DB- 

NK : DN : : DC- : DB*. 

1 / 1 

Making X = 0, y —y' 


I 1 \ , —e^v’ 


DS'/ 




DR = 


DS- . PN 
DC- ’ 


DR 
' PN 


DS- 

DC^’ 


D 
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RE = ^ — rr TT = & 7T—> 

( 1 —^') h- 


RE = i 


{a^ - 


, , a^y' BD®.NP 


.*. VR = 


BD- . NP 
DC- 


.-. VR ; VD : : BD*^ • DC". 


The equations to the tangent and normal ma}’- ho put 
under the following form by substituting for 1 — its value, 
. h' 

VIZ., -7, 

a*- 

. 17 ^ 

Y — y=— — . (X — .r'), equation to the tangent, 


... = - Pyiaf + 

or a-vy + J'Xa;' = ^y- -f but ay" + J-x'" = 

a^Yy' 4 - h~X£c' = 

y — y = ^ ^ (X — a?'), equation to the normal. 


(33.) To prove that the normal bisects the angle contained 
by the focal distances. 

Since DS = DII = ac, and DK = e'^x\ 

HK = IID + DK = ac -f C'x' = e (a + c/r'), 

SK DS — DK = ae — e^af z=z e {a — ex') ; 

but, page 44, IIP + PS == 2^, and IIP — PS = 

HP = a 4- ea/^ and PS = a — ex' ; 

hence, by substituting these values in the above, we have 
HK = e . IIP, and SK =r <? . PS ; 
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by division, 


UK 


e . IIP 

TTps 


IIP 

7^’ 


IlK : SK : : IIP : PS. 

hence the angle UPS is bisected by the normal. 

Cor. It follows from this that the angle HPG is equal to 
the angle SPT, that is, the tangent makes equal angles with 
the foctil distances. 


KlUim referred to an^ S^Mem of Conjugates. 

(31.) The characteristic property of every S 3 "s tern of con- 
jugate diameters is, that each bisects every chord drawn 
2 )arallel to the other; it follows, that if wc refer a curve to 
an}’- similar syst('m, the new equation ought only to contain 
the square of the co-ordinates, and a constant quantity. 

The equation to the ellipse referred to its centre and 2)rin- 
cipal 4h^metcr is 

H- \r X == a' C. 

Substituting, in this equation, for x and y, a? cos a + y 
cos a', .r sin a -h y sin a! resjicctively, there results, 

(a* siir a' -f ’ COS' a') y* H- {cl sin a sin oJ -\-V cos a cos a'} yy 
+ {or sin' « + Ir cos' a') ' = a* h ' ; 

this equation belonging to an oblique system having the same 
origin. 

Ilut by hypothesis the equation ought to contain onl}^ the 
squares of the variables and known quantities, wc must there- 
fore put the coefficient of .-ry =0, 

sin « sin oJ -f Ir cos a cos a' = 0 (1). 

Hence the above equation is reduced to 

(ef'sin'a' -f ^’cos-ctOy*^ + (a'siir a -f i'^cos- a).'r‘^ = a' 

Dividing equation (i) by cos a cos a', we have 

or tan a tan a' -f = 0, tan u tan of ^ ; • 

a'' 

D 0 
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Therefore, ns we have only one eqnalion to (I(*f(‘rinine the two 
tingles a. a', it follows tliat the imniher ol systems of con- 
jugate diameters ib iiHiniie. 


Making successively .r = in et]iiatiou (‘i), and 

there results, 

for ?/ = 0 X’ =: r-: ; — ; 

‘ a - sill* a -f 0* COS' u 


and for .r == 0 


<> 

2/ 




U’ sill' a' + 5' CoS' a 


Which expressions arc the squares of tlio senil-eonjugale dia- 
meters. Calling tliese conjugates 2 a', 2^', respecti\oly, ^\o 
have these relations; — 


a* 5" 


a’ sin* a -f d- cos* a ’ .. ‘ 

V V . 

• » 7 > '' ^V_ V '"i 

» • " ,7' » V \ ' I 

cr Bin* u + 0 cos* « = — 7^, \ 

“ ' \ 


and = 


(r i* 


a* sill’ ot! 6* cos* cc'’ 

a- siir oJ + COS' a = — • 
b ~ 



Substituting these values in equation (2), there results 
//'2 yj ^ 1'2 ^ ^ ^'2 

for the equation to the ellipse, referred to any system of con- 
jugate diameters. 

Consequently, the centre being the origin, the equation to 
the ellipse preserves always the same form for any system of 
conjugates. 

Since for a: = di a', y* = 0, and for y = d: x' = 0, it 
follows that the two straight lines drawn from the points 
MM' wim', parallel to the two diameters, arc tangents to the 
curve. 
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As this equation is of the same form as that hetwee 
rectangular co-ordinates, it is clear that all properties whic 
arc iiidepciulent of the inclination of the co-ordinates will I 
equally true for the conjugate diameters as for the principi 
diameters or axes. 

TJic equation to the tangent is 


nhere (x'\ y") arc the co-ordinates of tlie point of contact. 

If in thib equation we make Y = 0 ; a; = which is tl 

value of OR, the point where the tangent meets the axis 
and if from this distance w’e subtract a?", or OP, w’e ha^ 


the subtangent PR, 


this is the same result as obtained at art. 31. 

Also as at page 48. The rectangle of the ordinate of tl 
ellipse at the point of contact and the ordinate of the tangei 
at the centre, is equal to the square of that semi-diamet 
w’hich is taken for the axis of ordinates. 

Also, that the rectangle of the abscissa of the point 
contact, and of the point where the tangent meets the ax 
of fihscissiD, is equal to the square of that semi-diamet' 
w hich is taken for the axis of abscissa). 


On F>up})leynentary Chonh, 

(35.) If from the extremities A and B of the major ax 
two right lilies he drawn to any point of the curve, these lin 
are called supplementary chords. 

The equation of the right lino BP, 

])assing through the point B, whose co- 
ordinates arc y = 0, and x = ay is 

y = VI {x — u). 

The equation of the right lino AP, 
passing through the point (y = 0, 
a? = — fl), is 

y = m' (» + a). 
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let of y y, be tbc co-ordinates of tbo point P ; and, as 
this point is in both lines and also in the curve, vro have the 
following relations : — 

y = m {of — a) (1), 

y = m\x' ^ a) (2), 

4“ ('O' 

y y 

From (1) m=. , and from (2) m' = . 

X — a ^ ' a a 

by multiplication mm = y, (t). 


From (3) we huAC — h'x- -f trlr = cry'- 
— h' (a/' — cr) = try '2^ 

7/^ — _ 

— a- cr 


but from 


(4) m m' == 



mm' 



(5). 


The same relation ol»tiiin-> if <lraw the supplementary 
chords from the extremities of any diameter ^^hale^el^ E, E'; 
f-»r let x\ y', he the eo-ordiiJ 5 ite-> of the ])oint K, tho^e of 
the point E' ^^ill he x" , y" \ and the (‘quation of the lines 
drawn from the iioints J], E', to any point P' \Nhate\er in the 
eur\e will ho 

y — y" = ?/d {x — x"), 
y ^ y" m' (x -f x"), 

and, as the point V\ or (x'y y'), is in both these lines, 
we ha\o 

y - y' = (y - x"l 
y +y' = m' ia/-^x"l 


/. 7nm' 
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but the points P', E, E', are also in the curve, henCe 


aV" + 

aV'" + = a^h\ 

• • _ yfu - ' 

— y' 

]>nt from above -7^ tt: = 

^ ^ — y “ 

, 

mm =■ 

a'' 


^^hich 1*5 the same result as before. 


(30.) To find the angle contained by the supplementary 
chords, ^No hu\o 


tun P = 


7n — 

1 -p mi}/ 


>vhcre m is the tangent of the angle PBX, and the tangent 
of the angle PAX; \sq have already shown that 


, m = — , 

a; — a X a 


y 

x' “b Cl 


1 + mm' 


1 4- 


y^ 


2 ay' 

- tr + y^ •• 


( 0 ); 


and, since the lines meet in the curve, the equation of the 
curve must be satislied 


(i'/" + or 
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hence, by substitution, we obtain 


m — m' 
1 + mm' 


2 



— 2 


(')• 


It is clear from this result, that if we consider any point P 
of the curve above AB, in A\hi(‘li case ?/ is positive, the 
tangent of the angle APB is negative; then this angle is 
necessarily obtuse, a^ it ought to be, since all the points of 
the ellipse are within the circumference of a circle described 
on AB, as a diameter. 

As the obtuse angle increases its tangent decreases; hence, 
when the tangent is least the angle is greatest, and equation 
(7) \\ill be least nhen ?/' is greatest; or when y'=:b, this 
value suhstituted in (7 ) gives 


tan P = 


— ^ a Ir 
h {(C — Ir) 


— ^ah 

(V — 


Oil this supposition, the values of m and m' become 


m 




since //' = h, gives x = 0. 


From the above, it appears that supplementar}" chords 
drawn from the extremities of tlie major axis make the 
greatest angle when they meet in the point C, the extremity 
of the minor axis. 


(37.) Wo can deduce some other useful properties by 
transforming the oblique axes to rectangular axes, 

X sill a' — y cos a! 

^ sin (a' — a) 

y cos a — X sin a 

^ bin (of — a) 

Substituting the values in equation (52) page 74, wo have 
(a'- cos^ a + COS' -h ( — 2 a' * sin a cos a — 2 6'“^ sin a' cos oJ^x y 
-f (a'-^sin^a -f h'^ siii^a) x' = a''i'''^sin^ (a' — a), 
which must be the samo as + h'x' = 
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therefore, the following conditions must have place, 

a'^cos’a + = a® (a), 

a'* sin® a + J'®sm®a' = 6® (6), 

a'® sin a cos a + 6^*^ sin a' cos a' = 0 (c), 

a'® sin® (a' — a) = a® 6® (d) ; 

add (a) and (6), and there results 

a'® -f = a® + 6® (^) ; 

or the sum of the squares of any system of conjugate 
diameters is equal to the sum of the squares of the principal 
diameters. 

Equation (d), multiplied by 4, gives 

4 a' h' bin (a' — - a) = 4 a 

and since a! — a is the inclination of the conjugate axes, 
the left-hand side of the equation exjjresses the area of a 
j)arallelogram ^^hose sides are those axes, and included angle 
a! — a (see IJann s “ Trigonometry,” page 00); the right-hand 
bide gives the rectangle of principal axes ; hence, every 
jiarallelogram circumscribing an ellipse having the sides 
parallel to a system of conjugate axes, is equal to the rect- 
angle of the principal axes. 

Now, since the area of the parallelogram is 

4 MD . m /, 

^^c have 4MD . mi = 4rt6, 
ah 


but mi equals a perpendicular on the tangent Tt from D, 
which call then 

ah „ air air 

“ md’ ^ 

(since 31 D® + mD‘- = a® -f b-), 

D 3 
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Now miy^ = -f 5- — DM*^ 

= rt "* 4 - — (^2 4 _ y *?) 

= <r + — '} H r (d^ — ^') 

*= a' + 5' — — 5^ 4- — , 

ir 

=“'-(' “f)*’ 

= — e'or 


= (rt 4- ea;) (a — t’o;) ; 

but by ai't. 33, a 4- ea = HP, and a eo! =: SP, fig. p. 47, 
.-. = SP . HP, 

or the rectangle contained by the focal di^tanccs of any point 
of an ellipse, is equal to tho square of the corresponding 
semi-conjugate diameter, 

(38.) In the ellipse 



where p is the perpendicular from one of the foci on the 
tangent : the equation to the tangent is 


— Irx Ir 

y = — 4- -» 
(^'^y y 


jierpendicular from the point ( — ae, 0) on this 
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— h' {aea/ -f a-} 

v/ 


— b'a (a 

/y/ a=6-|a-!_a:2 + L 

— 6 (a 4- £?a?') 

\/a 4- aa,'' \/ a eaf 

— h \/ a ex' 

— e V 

(a 4- «y) 
a — exf 




UP 


.*, = 6’ . 


r 


\la — r 


Tu ibe same inauiior, if we put j/ for the perpendicular 
from the other focus ou the tangent, we ha\o 




= 6-’ 


SP 

ilF’ 


O ,> ,o IZ ,4 

U - ,]/- = h'' . . ¥ = d\ 

^ ^ IIP SP 


2> .p' = ¥. 

That is, the rectangle of the perpendiculars from the foci on 
tlie hmgont is equal to the square of the semi-axis minor. 

(89 ) If a circle be described on the major axis of an ellipse, 
and if Y be the ordinate to the circle, and p the ordinate to 
the ellipse corresponding to the same abscissa, then 

-^=:^ 

Y a 
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By the equation to the circle 

= a® - 

ellipse 5^^ = — (a* — a^). 


Divide the second by the first, and wo have 


Y- 



V h 

or ; 

Y a 


that is, the ordinate of an ellipse is to the ordinate of a circle 
described upon the major axis, as the minor axis is to the 
major axis. 

It is evident that thib gives an easy method of describing 
an ellipse by points. 

(40.) If and ;r'y' be any tuo points on tbo conjugate 
diameters, then 


icx' yif 
(r 0-^ 


0 , 


for 


w 


= tan c^, 


and 


I 

a/ 


= tan a', 


lut tan a tan a' = , 

a" 

y 

'' X x' a- 



xx' 

a- 


or 


yy 


0 . 


On the Eccentric Angle m the Ellipse 

(41.) The co-ordinates of any j)oint xy o^ an ellipse, may 
take the form a? = a cos i/ = i sin f . 

* O’Brien’s “ Co-ordinate Geometry,” pngc 111. 
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If we assume - = cos?, or, in other words, ? ss co8“‘* 

0t U 

then, substituting in the equation, 




2 y2 

- J- ^ S= 1 


we have ~ = 1 — cos^ ^ = sin*^ f , 



y- = h' biu' or y = sin 

Hence, we may assume a; = a cos <p, and y =: 6 sin 

If we describe a circle, AP'B on AB, as a diameter, 
produce the ordinate MP to meet it in P', and join P'P ; 

P'DM is the angle w’hose cosine is for 

a 


, DM 

C0bP'DM= — 


DM 

DB 


a . 

“ f 

a 


therefore, if we produce the ordinate to meet a circle de- 
scribed on the major axis as a diameter, and draw a lino 
from the point where the ordinate meets the circle to the 
centre, then (p is the angle which that line makes >vith the 
major axis. 

if PQK bo drawn parallel to P'D, meeting CD' in the 
point R, and DB in Q, then PR = P'D = a, and PQB = 
P'DB = g ; since y = ^ sin (?>, we have 

bsiug = PM = PQ sin PQM = PQ sui (p, 

PQ = b. 



ANALYTICAL GEOMETRY. 


If (p and 0' bo the eccentric anglcb of the extremities 
of two conjugate diameters, then (p' = + 90° 

Let [x, 7/), and ?/), bo tlie co-ordinates of tlio ex- 

tremities, P and C' of the two conjugate diameterb DP and 
DC', (p and (p' the corresponding eccentric angles, 

then « = a cos p, y^h sin p, y = a cos p', ^' = 6 sin p', 

then, by art. 40, cos p cos p' + bin p sin p = 0, 

or cos (p' — p) = 0, 

'^^hich fahe^Nb that p' — p = 90^, or p' = p -f 90°. 

This property of conjugate diameters, \\ith reference to the 
eccentric angle, is of great use in problems relating to con- 
jugate diameters. 

Cur. Hence 

y = a cos (p 4- 90" ) = — a bin p = — 

and y = sin (p -f 90°) = ^ cos p = - x, 

>Nhich determino the co-ordinates of P and C. 

(42.) 'i’he jiroperties deduced in art. 87 can be found in a 
\ery simple manner, by using the eccentric angle. 


Let DP = r, C D = r', PDB = 0 , C'DB = 

y = y -p y = cos- P sin- p (1); 

and putting p -{- 00 for p, have 

siir (p ¥ cub" p (2) ; 

add (1) and (2), 

-j- y-* =r (sin^P -f cos'P) + (siir p -j- cos‘‘^p) 

= y 4- (4). 

The area of a parallelogram, whose bides are C'D and PD, 


= r/ sin (d' — = r/ (sin 0' cob^ — cos 6' fain 0) 
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= r cos ^ / sill — r sin ^ / eos ^ 
z=:zx7y — of y 

= a ^ sin (p' cos p — a 5 cos ip' sin (p 

"= ah (sin cos <p — cos (p' sin (p) 

ah sill (ip' — ip)= a 6 {since sin ((p' — (p) = sin 90} = 1 . 

(43.) Given the axes of an ellipse and the inclination of 
any two conjugato diameters, to determine their length and 
direction. 


In the first place, we shall find a' and h\ By page 57, 

^ah 


a'- 4 - = or + 6 ’; ‘Za'b' = 


sm^ 


by adding and subtracting these two ecpiations, we have 

"Zah 


(jjif “}“ ~ a'’ “b 5'* 4“ 


smb 


^ . wNo .> 

(a — h y a' h'‘ ^ J 

sin b 


Zab 

biiib 


, 1 1 / > 7. 

• • “ o A/ "b — o + “ A/ 4- h'‘ 

Z \ bin to V 

,, 1 / , ,, Zah 1 / , , *2^7^ 

y V snib 5^ V sin to 

Jn the equation, page 51, tana tana' 4 - Z>* = 0, 

put 4 - a for a', and we have 

cj' tana tan (^ 4 " 4 " ~ 0 , 

, ,0 N tan^ 4 - tana 

but tail (b 4 - a) = ^ — z- ; 

^ ' I — tanbUiiia 

therefore, by substitution and reduction we have the quadratic 
a" tan^a 4 - {d^ — ^>^)tauff . tana 4 - = 0 , 
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tan* = ± 


tliis value of tana will be real if (a®— greater or 
at least equal to 


Ti* X 9/0 4 . 0 ^ 1 ^ ^ ^ ^ 2 ab 

If tan*^ = — tttj* or tan ^ = ± 


(a^ — &-)* “ a- 

substituting this value in the tan a, we have 

or — p 2 ah h 

tana = ~_x±— ; 7- = ± ’ 

Ua' — b'‘ a 

\\hich, since tana tana' = — ^ives 

(V 


itiu a == , lan a = - . 

a a 

(44.) Given two conjugate diameters in an ellipbo and their 
inclination to determine the axes. 

Since -f- i- = a'* -f- and 2 ah ^2 a' U bin C ; 
by adding and subtracting these equations, vc ha\e 

(a -f -f 4- 2 a' U sin 

{a — If ^ a'^ 4- — 2 a' h' sin 

a = ^ Y^a'-^4- 4- J^rt'/;'sin^ + 4 \/ ^t>'b' sin o, 

^ i \/ a'* 4” 4" u'6'biu C — ^ \/ a'* b'^ — 2 ct'^'sin^. 

These values are always real, for (a' — h'y > 0, thou 
^'2 lu ^ )la' b\ and, a fortiori, a'‘ 4- b'^ > a' b' sin 
We can determine the angle a from the equation 

1/ 

tan a . tan (C 4- a) = , 


as before, in the lost article. 
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(46.) The Normal inToms of its Inclination to the Major Aads. 
The equation to the normal is 


or or y' 

or 3 . = ^. + /--^ 


, S'* — a“ , - 

= 


Let the equation to tlie normal bo 
y = 7?ia? -f- A 


then, comparing (1) and (2), 


, and A = — yr , — . y 
h'X O'' 


' a 


b^ni^ 

a' 




or 


a~ — X* m 


+ 7/1' 6^ 


flf' + a^ni'lr — 
4* vi^b' 


v / or — x'^ ■ 


\/ dr + m^lr 
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•. h : 




a* h j 

y/a’ — 


Ir — am h 


= - -7===; 

V' 

.*. (^2) becomes ^ = 7nx (a^ — ^ — 

-f 

or ( 7 / — mjc) \/ a* -f -f- ?>i . («* — = 0. 

The equation to tho tangent in terms of the angle that it 
makes 'VNith the major axis, is 

If = mx db iti' a' -j~ b\ 


(46.) In the c]li}>he, to lind the lucua of tbo midJle points 


of a series of parallel chords. 

Tlie equation to the ellipse is 

X-if + = A"B- (1). 

Let 3131' be any right line vdiose equation is 

y = 7)1 X + U (‘4). 

Substitute in (1) for y its \uluc from (^), 


(A? 711^ -f B^)^ — 2 . a? + A'/t' — A~B^ = 0, 

the roots of this equation will give the abscissa) of the two 
points 3131', 

2 ^^A!^7)ih . X A^hr — A'^^B’* 

* ” -r U“ ” ’ 
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or 


let and x” be the co-ordinates of the two points, 
and «, those of the middle point N, 


then 


a 


x' 4- a?" 
2 




since in a quadratic equation the coefficient of the second 
term taken with a contrary sign is equal to the sum of the 
roots, we have 


^A^mh 
A'^tir -f B~’ 


A'mh 

' ‘ A' wr -h 

To hud the corresponding Aalue of C, we miibt remark that 
a mid to is) a point in the line who&c equation is 

y = wi a; 4- /t ; 

hence, substituting ^ for y, and a for a?, we obtain 

C = fft cc h f 

su])stitute the ^alue of a in this equation 

^ A-vr 7 > 4- B'/i 

A' nr 4- B’' A' i/r 4- B^ 

DiMding to by a, wc get 

^ — B- 
cc A'ln 

Now, as this result is independent of A, which fixes the 
position of the cliord M31', it follows that if we put a', 
a!' , the co-ordinates of the middle points of the other 

chords parallel to the tirst, wc shall in like manner Ihid 
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therefore, in general, representing the co-ordinates of the 
middle points by x and ?/, we have the relation 

y — B- 

- = — * or y = — — — ; . X, 

which is evidently a straight line passing through the origin. 

Hence, all the diameters of an ellipse pass through the 
centre; and, conversely, every line which passes through tho 
centre is a diameter, if we put in' for the tangent of the angle 
which the line forms with the axis of x, 

, — B^ ~ B^ 

m == ; , m = ; 7 * 

The same process applies to tho hyperbola, by changing 
— B*^ into -h B\ 

Section VI. — Hyperbola. 

(47.) If S and H be two fixed 
points, and if the difierence of 
HP and SP be a constant quan- 
tity = 2a suppose, the locus of 
P is the hyperbola. 

Bisect SH in D, make 

DB = DA =a; 
then, A and B are manifestly points in the curve. 

Let = <?, a quantity greater than unity; then DII = ae. 

To find the equation to the curve. 

Let D be the origin DN = x, NP = y ; 

then HN =z ae X, SN = — .r, 

11 P^ = -|- (^ae -f a?)’, SP* = -f- (ad — a?)*, 

HP* -f SP* = 2y* + 2a*d* + 9.x\ 

HP* — SP* = (IIP — SP) (HP + SP) = iaex, 




ANALYTICAI. GEOMETRY. 


69 


HP + SP = and HP^ + SP- + 9 HP . PS = ie^aP, 

2HP . PS = — 2)^*^ — 2?/^ — 

nd H P~ + S P^ — 2 II P . PS = 4 a"* = 4 (y" + a' -h 4 ( 1 ~ c") x ' ; 

hercfore tlie equation to the hyperbola, the point D being 
ho origin, is 

= (1 — e'O (a^ — or). 

This expression, 1 — c’, is generally j)ut = — and then 
~ 1» or a-y- — =— ... (1), 


s the hyperbolic equation. 

If wo had taken the point A for the origin, y has the same 
alue as in (1), but AN is = DN — DA = DN — a; 

'L _ + ay _ __ , 

h" oP ’ 


)r = (1 — 0(— '^ax — x") = — 1) {^ax + x'^) ... (2), 


iiid if wo take S the origin, SN = DN — ae, 


— 1) (2«c.r 4- .r") (9). 


(48.) Wo now' proceed to the deduction of the polar equa- 
Jons to the hyperbola. If D be the pole, DP = r, HDP = ^, 
then, in equation (1), a’ = — rcos^, y = rsin^; and we have 


sin’^ ^ = ( 1 — c“) (a~ — cos^ ^), 
r’{sin^^ 4- (1 — <?') cos®^} = . (1 — e'), 


and 


0^(1 — c’^) 

1 — €' COS' 6 


a v/ — 1 \ 

-y/ COS'^ 0 — 1 \/ 6^ COS~ 6 — I 


and if II bo the polo, Z-PHS = ^, IIP = r, 

SP’ = — r)- = r- 4 - 4 a‘*t'* -- 4 rt<?r cos 
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4a’ 4“ — 4ar = r’ + 4a’0’ — 4aercos^, 


a’ — ar=^a^e^ — a^’rcos^, 


rt (1 — r’) 
1 — c cos^ 


Now, il is evident that there exists a curve similarly situ- 
ated with regard to H, as AP with regard to S; these two 
curves are called opposite hyperhola*, though, properly speak- 
ing, the Intperhola is the S 5 'stcm compounded of the two. 

(40.) AVe now proceed to the discussion of a few hyperbolic 
properties ; but it will be convenient to first investigate the 
equation to the tangent, since the most important properties 
depend upon it. 


Let (//', x'), be two points in the curv'e, 

then, ?/- = (1 — c’) {n' -- .-r''), = (1 — c®) (a’ -- 

y* — = + y") (>/ — y”) = (] — c’) («"■* — *'•) 

= (<>- - 1) (x' + x”) ex' - x"), 

and the equation to a straight lino pas^.ino thronoh (i/', x'), 
(y", x''), is, if Y and X he the co-ordinates of the line, 


or = ])(X-x'). 

Now, supposing the points (y, x'), (?/", x"), to approach 
continually, the line ultimately becomes a tangent at the 
point (y, x')y and its equation is then 

Y-y =^.(e*- l).(X-xO. 
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Wc have now to find the subtangent, subnormal, &c. 

tbo equation to the tangent at the point a'). 

If X = 0. Y - y' = -- f l f'" , 

2/ 

. V — _(i — e”) a’ _ 

/ / y’ 

this is the point 'where the tangent meets the conjugate axes 
hclow D, 

DT' : DC : : DC : PN. 


Also, if Y = 0, 

— y = y (X — ar'), X — ^ = p— 




e') .r' 

(1 ~ _ (1 _ 

(1 — e')a!' (I — e')af x' 

\ TD : DA : : DA : DN, 
of- — 


DN — DT = TN = 


: subtangent, 


another proi^erty of the hyperbola. 
) The equation 


(50.) The equation to the normal PK now remains to be 
found. 


Y- 2/ 


y 


(X a;'), is the equation to the tan- 


gent; since the normal is perpendicular to the tangent and 
passes also through y', x\ its equation consequently is 


Y - 2/' = ; 


(X - .r'). 


(1 — 

If in this equation we malte X = 0, 
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SO that if the normal were produced to cut DF, or that line 

NP<?” DG . 

produced at a point G, DG would be = r, or — ■ is a 

^ ^ e' — J p»r 

constant quantity, equal to 

e- _ DS^ _ DS" _ DS^ . 

e- - 1 DS- — DA- (DS + DA) . (DS — DA) BS . AS’ 

albo, if in the normals equation we make Y = 0, we have 



X = cV = NK -f ND = KD, 


I? 

NK = (e- — . 1) a;' = . DN the subnormal. 


The properties of the hyperbola just investigated, may bo 
here brought together for classification and reference. 


DT : DC : : DC : PN (1), 

TD : DA : : DA : DN (2). 




putting 


-4- 


for 
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TN = 

DG 
NP 


DN^ — AD^ 


1>N 
DS~ 

BS . as’ 
CD- 


( 3 ), 


DG : (NP . DS) : : DS : (BS . AS) ... (4), 


NK = ; . DN 

AD’ 

or, 'which is the same, 
DG = 


(•>); 


AD= + CD- 


PN. 


On Direct rices and Parameters. 


The hyperbola and ellipse have each two directrices, but 
the i)arabola has only one. 

In the parabola the distance of the directrix from the vertex 
is = a. 

In the ellipse and hyperbola the distance of the directrix 
from the centre = ~ • 


The parameter, or latus rectum, is the double ordinate 
drawn through the focus in each of the three curves. In tlio 
parabola it is = 4 a, a being the distance between the vertex 


and focus. 


In the ellipse and hyperbola it is = 



a 


a and h are the major and minor axes. 


(51.) On the Asijmj^tote to the Hyperbola. 

/ = (1 — c') {dr — ^'), 

y “ 

is the equation to the curve. 

From the form of this equation, it seems that there are 
relations between the curve and the line 

,^ = (v/— 1) X, 'which are worth attending to. 

It is evident that this line passes through the origin, 
making an angle = tan“' \/ e" — I with the principal 
diameter; 

and since = (c- — 1) .x- in the lino, 

and 2/’ = {g*' — — (<?- — 1) a- in the curve. 
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it is evident that the lineal ordinate is greater than the 
hyperbolic corre<;ponding to the same abscissa. 

But on considering the equation to the curve when 
expanded into the series (1) aboNC, it is e\ident that as 
x incrca5.e> the hyperbolic and lineal ordinate approximate 
nearer and nearer. 

Ro that 's\e may say, that ^^hen x = a the line touches the 
hyperbola, and is therefore an as>m}4()te. 

Since in the equation y z= ^ c' — 1 . tlie radicjil may 
be taken \Ailh either sign, and x may be either positive or 
negati\e; there are e\idenlly four asMniitote'>, all cutting at 
1>, n pair belonging to each liypeibolic branch. 

It \m 11 be an instructive e\erei'^e for the studcMit to endea- 
vour to deduce the asymptotes from the tangential equation 


^ -y = — j ' — 


considering tlic asymptote to be a tangent at an inrmiU* 
distance. 

(a 2 ) To prov(' that the normal bi'^ects the exttn’ior angle 
bet>Neen the focal di^^tancos at any point in the hyperbola. 


By art. 47, IIP -f- SP = 2 ex, 
and HP — bP = ; 


by adding and subtracting vc ha\o 

IIP r= ox -f Oy and SP =: o x — a, 


SK = DK — DS = c' A’' — « c = c (c x' — a) = c . SP, 

IIK == DK -p DH = C’X lie = e (c u:' -f- = e . HP, 

SK _ SP 
‘ ’ iiK ~ iip’ 

PK bisects the angle SPP'. 

IVom this it is clc.'ir thiit the focal distances tnakc ocpial 
angle'> 'tNith the tangent, that is, llic angle SPT is equal to 
the angle HPT; for KPT = KPT', being right angles, and 
SPK = KPP', from id)0\c; th(‘ latt<‘r, being taken from the 
former, lea\es the remaining angle'> SPT and P'PT" equal, but 
P'PT" is equal to its vertical opposite angle HPT, 

HPT = SPT. 
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(53.) By proceeding in the same manner as for the ellipse, 


page 58, we have 2 ?- = 6-- 


the same manner 


0/ T 


, and therefore we have in 


or the rectangle of the perpendiculars from the foci on the 
tangent is equal to the square of the semi-axis minor in the 
hyperbola as well as in the ellipse. 


(54.) When the hyperbola is related to its conjugate dia- 
meters, the process is exactly the same as for the ellipse. 


The equation referred to its axis is or rr — h' ar — — 0 ^ Ir, 
and substituting for x and as in the ellipse, we get 

sin a sin a' — cos a cos a' = 0 (1), 

and {a^ sin^ a — Ir cos’ a') 

-f (a^ sin- a — h' cos^ a) ar- = — a* (Q), 


from (1) we have, dividing by cos a cos a', 

tan a tan a' — ’ = 0, or tan a tan a' = ^ 

a-' 

tan a = 

a“ tan a 


( 3 ), 

(n- 


Tn equation (’2) make ^ = 0 and a? = 0 successively, and 
we have 






— tr Ir 

** dr sima — cos' « 
dr sill'* a' — cos‘^ d 


We must obsers^e that, of these two squares, one is positive, 
and the other is negative, for any value of x corresponding 
to ?/ = 0 is real ; but that of y corresponding to ^ = 0 is 
imaginary; but that they have different signs may be shewn 
as follows : — multiplying these two equations together, we have 

o o 

^ (g'^sin'-^a — h 'cos"g) (a’sm'^a' — ft'^cos'^a') 
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multiplying out the denominator 

fl'^sin'a siu^a' -f Z»^COS~a COS‘a' 

— a'h' (siira'cos'a -f sin^a cos^a') ; 
but by equation (1\ a^siua siiia' — i*cosacosa' = 0, 

. •. sin- a siir a' -f- ’ cos- a cos- a' = 2 a* Ir sin a sin -at'eos « cos of ; 


therefore, the denominator becomes 

a^i5(‘^sina &ina'co3« cosa' — siira'cos^a — siira cosV') 
= — a’ i - (sin a'' cos a — sin a cos a') - = — a’ sin- (a' — a) ; 

=- ( 5 ). 

— a- sin- (a' — u) bin- (a' — u) ^ 


This result, being essentially negative, i)roves that or and 
2 /’ have difFerent signs. 

Taking the axis of x for the transverse diameter in this 
case, the expression for x' is positive, but that of ij' is nega- 
tive; putting a'-' for the fir&t, and — for the second, we 
have 


a-'sni-a. — h'QOr-i’ cc 


- = 




a-bin'^ «' — ^*eos^a' 


2-2 7 2 2 

a^blira — cos* a = 

a ^ 

ft* bin* a — cos* o' = ; 

from these values of o'* and — i'*, equation (2) becomes 
a2 2/« -- 6'*;r* =— 

the equation to the hyperbola related to oblique axes ori- 
ginating at the centre, and making angles o and o' with the 
primitive axis of x. 
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If we put in this equation 

a? = 0, y=\/ — z=i±ih \/ — 1, and y = 0, xz=z-±_a\ 

since the value of t/, when ;» = 0, is impossible, the curve 
does not meet the axis of y, but as ■±:a' is the value of x 
when y = 0, the curve meets the axis of x at the extre- 
mities of the diameter 2 a'. 

Now, if in equation (5) we put a'- for and — Ir for y®, 
we obtain the relation 

— a 0 = — : — r~r~, 7~* 

sin- (a — a ) 

ah sin {a — a) •= ah, which is the same as in the ellipse. 

(55.) In the general projierties of the ellipse, if we put — 
for we have the corresponding general properties of the 
hyperbola. 

(50.) In the values of a'-, ^/-, obtained in art. 54, replacing 
the expressions for siira, cos ’a, sin'^a', cos'a', by their values 
in terms of tana and tana', ^ 'lz. * — 


cos' a = 


cos- a = 


1 -f- tan- a 

1 

1 4- tail- a' 


— > sni-fl = 


7 sill' a =: 


tan- a 
1 -f- tau' a 

tanka' 

1 +tan-a'’ 


— arh'Cl 4- laiva) 

in — > ' 


wo obtain a'- = 


tair a — 6- 


(IX 


— ~ ( 1 + taii'^a') 

dj-tan-a' — 

a*h‘*(l -p lair a') 

or h'- r= 

a' tan- a — o- 


(;j). 


h" / a'- — a- \ 
a’ \a'~ 4- b' / 


From (1), tan- a 
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From (!2), taii'a' 


P / a" + ft'® \ . 
rt-'U - - I- }’ 


multiplying those together, wc have 

ft‘ f(a'®-a®) (a® +ft'®)) 
taira . tan-a _ ^ ^ j. 


but tana tana' = — ; 75), 

f/' 

o o , 5' 

or tairat.iira = —r* 

f — a') (rt* -j- 

■ ■ 1(Z- - ft-') (ft'-* - ft^)/ ~ 

(“'■' — "'■') («'* + '''■') _ , 

+ i--' )(*'■'- " 

.-. («'> _ „’) (rt* + h'‘) = («'• + ft’) (ft'» _ ft’), 
a'^a’ - ft‘ + a'’ ft'’ - a’ft'® = «''7/= + ft " ft'’ - a'-lr - b * ; 
tran«^posing and roducing, 

a'- {a^ 4- ^ ') - + h') = a' - 

or (a'- - ^'2) 4- ^ ') = «* - = («" -f '/) 

a'- - = a“ - 


This might havp been dediK'ecl, as ^^oll as tlie latter part 
of art. 5i, more elegantly, by transforming the oblique ordi- 
nates to recUingular, as we have already done in the ellipse, 
substituting for x and y the > allies 

.T sin' — y cosa ^cosa — ;csina . 
sin (a' — ’ sin {a — a) 

in the equation a'‘^y — h'^x =-— we obtain, as in the 
ellipse, 
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COB® a — ft'- cos®a' (1 ), 

sin~ a — ft' sin* a' = — ft ’ (Q j, 

- a' -7/- sin’ (a' - a) =~ 

l)y adding (1) and (i2), wc ol>lain 

a'- - ft'*^ == ft-’ - ft' (4). 


From equation (3), 4 a'// sin (a' — a) = 4 a ft (5). 

Equation (4) shews that the dilTcreucc of the squares of 
any two conjugate diameters is equal to the difference of 
the square of tlie ]U’inc*ij)al aves. 

iMluation (ft) slie\\s that tlio rectangle described on any 
syst(‘ni of conjugate diameters, is equal to the rectangle on 
the axes. 

(ft?,) "We have already shewn, that all we have hitherto done 
for the elliji^e \m11, ^\lth .sliglit inodilications, ajqdy to the hy- 
porhola: iuit the ooinc'rse of this i^ not true, for there are 
many properties of the liyperbola yhieh cannot belong to 
tlu' ellipse; those are the pro})erties rolati\o to the asymp- 
totes. 4’o eonqdete the 'whole, wo shall proceed to find the 
equation to the hyperbola referred to its lUsymptotes. 

44ie equation of tlu‘ hyp('rbola referred to its axes is 

it' — IP ^ — a' h- ( 1 ). 

Wo must now pass from a system of rectangular to a system of 
oblique axes; to do this, we must substitute in the above equa- 
tion, fv)r a? and y, the following values (see art. ‘44, eq. 3.) ; — 

= j- eos oc -f y cos 
V = .r sin a -p y bin cc\ 

and we have 

(ft' biir a — ft' COS' a) y’ 

-p (4 «' sin a sin a' — 2 ft' cos a cos a') [- = — a'b~ ... (*2). 

-P (ft' si m a — ft'COS'a).ir j 

ITcro wo take for the new" axis of a?, the asymptote DK; 
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and for the axis of //, the asymptote DL; tbo angles a and a' 
are determined by the equations 


h b 

tan a = , tan a = — , 

a a 


cos a 


a 


\/ a- -\-b^ 


Bill a == — 


\/ a’ 4- 


cos fit = 


\/ Cl' 4“ 

•> 
a' 


sma' = 


v/ <r + h- 
h-- 


COS'- u = —I 7 -, and siii’a' = — - ; 

a' 4- h' a' 4- b' 

multiply the latter by and the former by then, by 
subtraction, we lla^c 

0 . 0 / TO o , crlr — d'h’ 
a' sin* a — 6’ cos oe. = ^ — - = ()» 


In the same 'vvav, 


Cl'" 4" 


. o T, o ab'’—dh' 

a' siir ec Ir cos- a = ^ = n. 


ii"' 4“ 


Also, 


4 a’^P 


2 a- sin X sin x — cos a. cos a' = — — . 

d 4 - P 


Hence we see the terms involving x' and y- vanish, and if 
we substitute in equation (2) the value of the coeiricient 
of xy, just found, we have 


a- 4- P 

^y = —r- 


(3). 


The equation which contains the rectangle of the variables, 

(i^ I 

and the known quantity , is called the equation to 

i 

the hyperbola, referred to its asymptotes as co-ordinate axes. 
(58.) If the hyperbola be equilateral, then 
a = 5, and xy=x ^ . 
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(59.) If we wished conversely to determine from equation (2^ 
the angles a and a', so that the terms involving a?- and 
should disappear, we have then the following conditions : — 

a- siir oJ — h' cos^ of = 0, a' sin ® » — IP cos® a = 0. 

From the first of these we have tan a' = ±: — i 

a 

from the second tan a = it — • 

a 


This shews, that if we take a' for the angle whose tangent 
is H , we must take a for the angle whoso tangent is • 

Therefore, the new axes, with respect to which the equation 
is brought to the form ay = A*®, arc the asymptotes of the 

curve, w'hero IP is nut for L. 

4 

IP IP 

It is clear from this equation, or 2 / = —, or = — , that 

y 

as wo increase a: the more is y diminished; and if w’O suppose 
to he greater than any assignable quantity, ?/ will become 
Ic.^s than any assignalile quantity, and comersely: so that the 
new' axes have the characteristic property of the asymptotes. 

liCt S he the angle LDK, which tlie a^^yinptotes make with 
each other; then, multiplying both sides of the equation 
ay = Ir by sin b, we obtain 

ay sin ^ = /r ’ sin C. 


Now', if p bo any point in the curve, MP and MD the 
co-ordinates of this pt)int, parallel to the asymptotes, then the 
parallelogram DMPQ has for its area 

DM . ril = ay bin ^ ; 

this is equal to /c'sin^, which is a constant quantity, and is 
independent of the position of the point p. 

Therefore, all parallelograms dc^>oribed upon the co-ordi- 
nates parallel to the asymptotes are equal. It can be easily 
shown that this con b taut area is equal to half the rectangle 
DBEC contained by the semi-axes, for ^ = 2 a', 

E 3 
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sin to s= bin 2 a' = 2 sin of cos «' ; 

bj art. 57, cos oJ = — — ■ sin a' = — 

\/ d' 4 “ 4 " 5 “ 

.•. S-IU w = a sin a cos a. = — ; — , 

v/a- + b' 

sill ^ ^ ^ . sin ^ becomes 


.r j/ sin to 


rt' 4- 

4 


4 - h' 


ah 


To the extremities of tlie minor axis draw the lines BC, 
BD, AC, AD; tlie fic^nre thus formed, having its sides parallel 
to the asymptotes, is four times tlie area of tlie ligiire DIBI', 
construct«‘d on the ro-onlinaies of the jKiint A. 

Theref(»rt, it from an\ nunihor of points in the hypeihola, 
lines be dra\Mi parallel to the asMii] dotes, and terminating 
therein, the parullelogranib so formed will all be eoual to 
each other, and to half tliu rectangle of the principal boini- 
axes. 

(GO.) To find tlie ccpiation of the tangent to any point of 
the hypcrhola referred to its asymptotes. 

Let y"y be the co-ordinates of the point p ; y y the 
co-ordinates of another point in the cur\o; the equation to 


the hyperbola being 

= (!)• 

The Recant will bo rejireseuted by 

(■-'). 

and x’ y , and a/' being both points in the curve, 

(3), 

af'y" = ( 4 ). 
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'if — 

To find tho coefficient ^ 77 , subtract (4) from (3), and 

wo. Imvo x' if' — == and adding y" x' and subtracting 

.r'j/", which are identical, wc obtain 

* * A*' - x" s' ' 
tlie secant therefore Ijecomes 

Now, in order that this secant may become a tangent, we 
must suppose x = x\ and y' = y", 

V — y" =— (-c — x") 

•I? 

is tho equation to the tangent, 

or y'x 4- x'y = '^x y' = i(a- -f /r). 


(bl.) d’o lind the area of a parabola. 



p;r’ — PN‘ = -in' {mjt — 31 P), 
or (pn 4 - PN) . {pn — PN) = ia ' . N//, 
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PN3 

+ PN . M?/i = . N?i, from (2\ 

MP ' 


/. MP . Mm = 


PN" 


im -f PN 


. Nn, (ultimately,) 


1 

= - PN . Nw, 

or the rectangle P m = ? Vu ; 

and so on for any otlier rectangle; therefore the space Anp is 
double the space A pin, 

, 1 
or Anpm = ^Apm\ Apm = ^ Anpniy 

o 

or An p = ^ Anpm, 

2 

Hence, the parabola is - of its circumscribing rectangle. 


7o find the Area of an ElUji&e. 

(Gxb) The area of an ellipse may be found from the constant 

ratio — , of the ordinate of an ellipse to that of the circle 
a 

described upon the major axis. 

Conceive any polygon nhalcver to be inscribed in a circle, 
of A^hich one of the sides is IMM'; from M and M' let fall 
the perpendiculars MP and M'P', lliese perpendiculars cut 
the ellipse in N and N'; join NN', and we thus obtain a 
])olygon inscribed in the ellipse, of which NN' is one of 
its sides. 

I.et Y and Y' be the co-ordinates of the points M and M', 
and 7/ and f the co-ordinates of the points N and N', cor- 
responding to tlie same abscissn‘ x, x\ the trapeziums 
MM'PP', NN'PP', give 

MM'PP' = - "I] {x — *'), NN'PP' = (x — x'), 
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V + y' 

* * Y + Y' a 


V + y' 

* * Y + Y' a' 

NN'PP' h 
3IM'PP' ““ "a 


In the same manner, each of the trapeziums which com- 
pose the poh'gon inscribed in the ellipse, is to the cor- 
responding trapezium of the polygon inscribed in the circle 
as h is to a \ hence, we conclude that the sum of all the first 
trapeziums, or the polygon inscribed in the ellipse, is to the 
second polygon in the same ratio, or 

y> 

P a ’ 

r) and P being the polygons respectncly. As this relation 
IS true, ^^hatever be the number of the sides of the two 
polygons, it is true in their limits, A^hich are the areas of the 
''llipse and circle ; hence, if s and S be the respective areas, 
vve have 

5 h h 

~ , or s = — . S ; 

S a a 

)ut 7r represents the ratio of the circumference of a circle to 
its diauiettu-, or the area of a circle whose radius is 1, xa* is 
he area of a circle whose radius is a, and, consequent! j, 

C * ” ; 

s = — .b = — Tc a" = 

a a 

vhich equals the area of the ellipse. 

For the hyperbola tlio same relation s = ~ . S, obtains, 
i being the area comprised between the cur\ o and any chord 
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parallel to the scooiul axis, S tlio corresponding area of an 
equilateral hyperbola, described upon tho first axis. Ihit 
this does not enable us to find the area of the hyperbola, 
since we must at first know that of an equilateral hyperbola. 

On the Ei(/ht Line, Circh\ and various proprrtirs of the 
Conic Sectiois. 

((bl.) In the note, page 10, it is shewn that the length of 
the perpendicular from a point .r'y on Aa; 15// + C = 0, is 


Aa^' + r.//' + (’ . 

\/A-- + B-' 

by this we can shew’ that the length of the peiq^endicular from 
of y on the line cos a -H ^ sin a — /) = 0, is 

af cos « -j- //' sin a — /> ; 

^ A , B C 

for —7=: X H y H 7 -,, , 

A-' -f B”' VA' + 15- v/a" H- B- 

is of the same form, since we may take 


A , 15 . 

— = cos a, and r-r — = Sin «, 

\/a- -b B- v/a- -f B- 

as they sati^^fy the condition cos^a + sin- = 1 . 

This is useful in sohing a large class of j^robleins. 

(liven the bn^e and area of a triangle, to find the locus of 
the vertex *'• . 

Let the equation of the gi\en ba«e bo 

A’ cos a -f //^ina — j) = 0, 

and X cos » -{- y f>\n a — is the length of the perpendicular 
from any point x, //, on the base; if the given base = «, and 
gi^cn area = in', the equation of the locus is 

2 tnr 

xcoset -f V sin fit — ;) = , 

a 

since the perpendicular of any triangle equals twice the area 
divided by the bii.se. 

* See Salmoti'f Conic Sectiout/’ pnge 41, 
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(01.) Tlic equation of a lino bisecting the angle contained 
hy the lines 

^rcosa 4' sin a — ;) = 0, and .t?cos/3 4- ^sinjS — ^ = 0, 

is A’ cos a 4- ^siiia — p ■=. .rcos/5 4- i/sini3 — 

which represents a right line passing through the intersection 
of these two lines, for it is evidently the equation to a right 
line; and since the co-ordinates of the points of intersection 
must satisfy the two former equations, they must also satisfy 
the latter ('quation. 

(flT) ) The general equation to the circle referred to rect- 
angular axes heiiig 

(.r — a)2 4- (y — i5)' = 

or + f — 4 . — r" = 0 (!) ; 

ONory equation of tlie second degree of the form 

X' 4- .V' 4- A.r 4 - B V 4 - c = 0 (*2), 

having the cooflicients of .r and y eitlier unity or equal, and 
not containing tlie rectangh' .r// of the variables, is the 
equation to a circle. 

Conqjaring (1) and (2), 

— 2a = A, — 2p = B, and a- 4 - ^ — r" = C, 



r = v/a' + /3- - ^ = /y/ • - C, 

rc[)lacing «, /S, r, l>y tlie above valuer, 

/ A \’ / B \’ A' + B’ 

("’ + 7 ) + =— r-=c- 


Or by completing the squares in equation (2) we obtain 
tlie same result, thus 

4 - Ao? 4- y* + By c; 
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completing the square in each, 

.r+(-+iy+(,-f 2 y=±i^’-c (»). 


Examples. 

2x' -f — 3:i? -f 4i/ — 1 = 0, 

Sa 1 

+ 5^- - — -f = - ; 


putting the equation in the following form, 

^ + y’ + 2y = 

complete the squares, 


«• T + \ 7 j + y + ''^.V + ^ 


!' , 1 
7o + ^+2 


0 

To 


' 10 8 33 / 3\-' , 

3 + 10 + 10=7(5’ (^“l) +(■5' + ^)' = 


33 

To’ 


which is the equation to a circle whoso radius is 

and the co-ordinates of the centre *- and — 1. 

4 


4 ’ 


Since A, B, C, may be any quantities whatever, we may 

A'*" + B" ^ , 

sometimes have C = 0, or indeed negative. 

If it be equal 0 then the circle is reduced to a point, and 
if it be negative the radius is imaginary; thus, the equation 

-f 4y' — I2a — -f 13 = 0 
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represents a point whose co-ordinates are - and 1, for it can 
be transformed into 



1 )“ = 0 . 


The equation y- -f 4^ — -f- 7 = 0, 

+ 4.r -f / — =— 7, 

completing the square ; 

-f 4ar -h 4 + + I = 4 -f 1 — 7 =-- 2 

(.r + 2/ + (y-l)*=-2, 


an equation of whicli the first member, being the sum of two 
l)Ositive squares, cannot be equal to a negative quantity. 


(00.) In the parabola, if PSP' be a chord through the focus, 
and PSN = ^, then, page 37, 


SP= : 


1 — CO& ^ 


and SP' : 


/ 


1 + COb^ 


1 ^ 1 1 — cos ^ ^ 1 -h cos ^ 2 

sp" ^ 1 1 T 

where I =: ^ a =z half the latus rectum. 

(07.) In the parabola, the parameter of any diameter = 4 
times (distance of the vertex of the diameter from the focus). 

The parameter is the double ordinate passing through the 
focus. 


SQ = 


2a 


1 + COsASQ’ 1 -f COS(7r H- qsx) 


1 -f COS (tt + ASQ) 
2rt 


1 — cos AS 
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= ASP -I- 2 (*r — ASQ). ASQ = ^ 


TT ASP 

••• 


Q? = 


A a 


COb^ 


ASP 


s= 4 SP. 


(OS.) Find the area imdndrd hetween the parabola 
and the straigJit line ^ ?/ -f a. 

Sinct' .r =z a gi\cs ?/ = 0, we see tliat tlie given lino 
passes through the focua of the parabola; p 

and becau^e the coellieicnt i»f .t? ih 1, llie 
line makes an angle of 45^ t\ith the a\is 
of a*. 

Hence, in the figure, 

APP' is the area required, 
and /L PSN = 45 
SX = PX, and SX' = P'N'. 

Now, APP' = ASP -f ASP' 

= APX — SPX + AX'P' F SP'N' 



2 I 

= - (AN . PN -f AS' . P'N') — - (PN^* — P'N'"). 

Find 0! from equations y :=: i ax 
and a? = y F a, 

we get y " = (d 7 — rt)" = 4 aa, — 0 ax + a® = 0 

* = 3a±i> = (3 ± 3-8381)rt, 

AN = (5-8284), AN' = (()-1710)tf, 
ar\ily = x-a, PN = 4-8284, P'N' = (0-828 1)«. 
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AP= ^.«*{(5-82M) (4-8284) + (0-1710) (0-8284)} 

= ^ a’ {(4-8281)"' - (0-8284)-} 

= a’ (18 80 1 ‘21 — II -31300) = 7*48701 x a*. Answer. 

(00.) Draw a normal at the extremity of the latus rectum 
of a parabola whoso equation is y* =z ia (x — a), and find its 
distance from the origin of co-ordinates. 

If X = a, we find from the 
given equation that // = (); there- 
fore, the curve cuts the axis of x 
at a distance a from the origin. 

If a: < a, then // is impossible; 
therefore, no portion of the curve 
lies to the left of (a, 0), that is, A. 

Hence, A is the vertex of the para- 
bola. Transfer the origin to this 
point, and we find = 4 ax', 

since ?/ = i/ and w' == ;r — a, 

therefore X, that is, the old origin, is the foot of the directrix. 
To draw a normal, then, at the extremity of the latus rectum, 
take SG = SP = *2 a, and join PG ; this is the normal required, 

for Z. SPG = SGP = Z. OPx. 

Join XP, then this is the distance of the normal from tho 
origin, and 

XP = v/ SP-" + XS' = v/s AS" = 2 ■v/2’.a. 

(70.) Find the locus of the intersection of two tangents 
to a hyperbola nhich meet one another at right angles. 

T’ho equation to the tangent to a hyperbola, in terms of 
the angle which it makes with the axis of x, is 

y ■=, mx~^ ; 

consequently, for another which intersects this at right angles, 
m get 
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Now, this equation becomes 

^ — vrh^^ 

-f 2?n:rj/ 4- = a’ — (1) ; 

and from the firfet equation 

y — 7/14? = :+: 7//-a- — 6-, 

— ^inxy 4- m^x' =7/ra^ — 6* (2) ; 

adding (1) and (2), we get 

(y^ -f (m» 4- 1) = (a* - i*) (m* -f 1 ), 

4 ?’ 4- y’ = a’ - 

Hence, the locus is a circle whose centre is the centre of 
the hyperbola, and radius = -y/a* — 

(71.) Shew that the parameter belonging to any diameter of 
a parabola \ane& in\ cicely as the square of the sine of the 
angle at >Nhich the corresponding ordinates are inclined 
to it. 

Let Pa' be any diameter, 

SP its parameter, PT a tan- 
gent at its extremity, a tho 
angle at vhich the ordinates 
to Pa;' are inclined, and, 
consequently, PTS = a. 

Then ve know that it is 
a property of the parabola 

that TPS=:PTS = «, 

PSN = 2a. 

SN 

Now, = COsSa = I — ’/Jaill’a, 

SI* 

and SN = AN — AS = AN + AS — 2 AS = SP — 2 AS, 



SP — 2AS 
SP “ 


= 1 — 2sm^«, 


AS = SPBin’a, 
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AS 1 . . 

or SP = SPoc ■ : ■ ■■ , since AS is constant. 

Bin'' a sin- at 

(72.) If CP', CQ', be diameters of an ellipse, making angles 
«, ft respectively with the axis major, then 

CP'*^ a'^ or -f Ir cost ^ 

CQ'** a"'' d- sin"’ a -f 6 ' siu'' a 

Let ar'y, be the co-ordinates of P' and Q' respectively, 

then X d cos a, and ar' = a" cos ft 

y bin y = a" sin /5; 

therefore, substituting in the equation to the ellipse at the 
points xy^ d y\ 

orlr == a"" {a- sin"/5 4 - Ir cos^^}, 
a"7/' = d' {a-sin^a -h ^»'C0S'/3}; 
or dividing the former by the latter, 

I — ^ -f cos- ^ 

a'" «- sin- a -f COS" ^ 

d^ d siir ^ -f 6 " cos- 

a"" a' bin" a 4 - 6 " cos* ^ 

(73.) From any point P in an ellipse draw the ordinate PN; 
join P and the centre C of the ellipse, and also N and the 
extremity B of the conjugate axis. The locus of their inter- 
section 0 is required. 

Let x\ y, be the co-ordinates of P, 
then B 



is equation to BN (2), 

dy = — 4 - hx\ 
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^ — *~ r» . . ^ f 

y — h iy — V)- 

and from (1), afy z= xif 

/o V xi' 

" ^ ~ x‘ ~ x‘ (y — by 

I'y- 

~ {y — f'/ 

Also, since a/ 1 / is a point in the ellipse, we have 
aV- + Vaf^ = (rh^x 
suhstituting dr -f x“ = a* {y — ly 
^ (T y*^ ^ a' h y <vlr 

z=.hii^ ^ 2a y z=z (i^ h\ locus required is a parabola. 


(74.) At ^^hat point in an cllij)?© is the angle formed by the 
two focal distances greatest ? 


Let P be the required point. 
jL spii = e, 

CN s= a? . NP =y. 



Now tan 6 = — tan (PUS + PSH) 

_ tan PUS 4- tan PSH 
““ tan PH. s . tan PSH~^iri 


y — 'L— 

ae — X a c X 2 aey 

y’ _ j 

(re^ — 
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which must bo a maximum when 


y H- or- = 0 ; 


when + 2 /^ = = CII^ 

But + y = CP® = CII®, CP = CII. 

Hence, with centre C and radius CII, describe a circle cut- 
ting the ellipse in P, this will then he the required point. 

(75.) The area between two normals to a parabola at the extre- 

‘^0 rt ® 

mities of a focal chord and the curve = - ■- : ■■■ , - ■■■ , , 6 being the 
angle \Nhich one of the normal makes ^^ith the axis. 


Lot PP' bo the chord, 

PQ and P'Q the normals, which, 
since PP' pusses through the 
focu'^, are at right angles to one 
another. 



Take .r, ?/, the co-ordinates of P and those of P' ; also 
the angle PCS = 6, Z. SPO = 6. 

Kow, 

2 1 

area AVP' = - {xy x’ /} + - {(a — a/)y'—{x — a) y} 


= I R'/ + *'/} + \ y + ^} 


since .ry and x'y' are points in the parabola. 

But y = PS sin 2 6, and PS = a + r = 2 g -f PS cos PSG 

= 2a •— PS cos 26, 


PS = 


2a 

1 •+• cos 2 0 


a 

cos® 6* 


and y' = P'S . sin 2 6, 
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Ijikewise, P^S = 2a -|- P'S cos 2 0, 

2 a (I 

. . P & Y” o Q 9’ 


,\y = 3 aiau 0 , and/ = 2acot0, 


.*. APP' = (tan'^d + cot‘*d} + a- {tand + cot} 

24 a 

o- Csin''^ -f cos'^d + 3si ir 

3 I sin^dcos d J 

3 * sin*dcos*d ^ 3bin^^.cos‘d 


Again, 

PQ.P'Q PPVosd PP'sind 
APQP' = — = :> 


pp'* . . 

— ^smdcosd 


= 1 {PS- 4- 2 PS . P'S 4- P'S*} siii^. cosd 
fsin^ 2 eosd } 

““1j Icob’d bind, cos d sin* dj 


f’sin'^d 4- 2biirdcos''^d 4- cos^d')^ er 

therefore, the area 

APQP' = APP' + PQP' =(j + ^ 
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EQUATIONS OF THE SECOND DEGREE*. 

(76.) The general form for equations of the second degree, 
being those in which the ordinates x y are involved to the 
second power, is 

Ax"' -f By' -f Qxy H- 4- iy + c = 0, 

wherein each of the constants A, B, C, h, c, may be either 
positive or nefjative. 

Let us, in the first place, transfer the equation to t'wo other 
rectangular axes parallel to the original ones, and having 
their origin at a point whose ordinates are x'y^\ and (?21) by 
substituting x x' and y -k- y' for x and y, we shall find the 
corresponding equation to be 

A(ir' + x + xf-) -f B(y- + S/y + y'^ 

+ C(a?y -f y' X + a;'/ -f .r'y') 

-f a (a; 4- a?') 4- ^ (y 4- /) 4- c == 0; 
which, arranged for x and y, becomes 

A.*®- 4- By' 4- Cay 

4- C^Aa:' 4 - c/ -f -f (SB/ 4- Co;' + h)y 
4 - (Aa?'^ 4 - By- 4 - Cx* y* 4 - axf 4- 4- 0 = 

(77.) The first three coefficients, A,B,C, stand unaffected 
with the new constants, a?', y', by which we observe that 
they are independent of the position of the origin ; and hence 
the position of the origin of any equation of the second de- 
gree depends entirely on the values of the three last co- 
efficients o, 5, c. 

(78.) We may now assume the values of the two ordinates 
x\ y, at pleasure, since the position of the new' origin is entirely 
arbitrary ; and consequently, by the principles of algebra, wo 
may fulfil any two possible conditions which involve them ; 

/ Svo Woolhouso’a ** Algebraic Geometry.’* 

F 
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let US therefore put the coelliciciits of oj aud y each equal to 
nothiug, viz. : — 


and thence 


2 Aaj' 4- Ct/ -f a = 0, 

2 B/ -f + 6 =0; 

^ _ C/> — 2Bg 

~ 4AB -^C^' ^ ~ lAlJ— C^’ 


hence also, by substitutiou, the last term 

. ^ , , , C ah — Afr — 

Aaf -h “h 4- 4“^y 4“ ^ f*ci 

or by assuming 


Cah — A//-— Bg- 4- c(4AB — C') = rJ, 


it becomes 


4 AB — C 


The equation is thus transformed juto 


Aar- 4- By' 4- C;cy 4- ; = 0 

-r y T ^ -r 


in which the fourth and fifth terms arc anting. 

(79.) Lot us now transfer tins equation to two other rect- 
angular axes, inclined at an angle u with the former, and re- 
taining the same origin; and (21) substituting x cos u — 
y sin u and a? sin 4* y coa ^ for x and y, we get for the cor- 
responding equation 


A {x* cos- to 4- y^ Biir a; — 2,ry cos w sin w) 

4- B (^x^ sin® to 4- y** cos- <•; 4- 2:ry cos w sin w) 

4- C cos to sin w — y ’ co.s w sin w 4- ;py (cos* u — sin* »»)} 
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which, arranged for x and y, observing that 

cos^ u — bin^ w = c();3 )l X and cos a> sin u = sin So,', 
becomes 

(A cos^ w -f B sin' w -h C cos u sin w) 

H- (A siir w -f B cos- w — C cos w sin u) 

-f- {C cos ‘riw — (A — B) sin '2u,} xy 

4 . == 0 . 

^ 4 AB — 


II) taking the value of u so as to exterminate xy, 

C cos *3 a; — (A — B) sin 2 w = (k 

and tan — , 

A— B 

wliicli reduce^ the equation to 

(A cos^ a; -h B sin* w -f C cos u sin u) x^ 

-f- sin* w -{“ B cob^ a,' — C cos sin a) y" 




1 A B — iS' 


= 0; 


and hence it appears lliat cverv line of the second order may 
])e referred to two determinate rectangular axes ^0 that its 
equation shall be traubformed into the abo\e form. By 
Ubbuming 

A eob'^ 0,' -f- B bin* a-* -f- t3 cos x sin x = \ 

A siir w 4- B cos’* w — C cos x sin x = 


it becomes 


A" x" 4- B'' / 4“ 


4 A B — CV* 


=z 0 




(^0.) Now if the principal somi-diameters of an ellipse and 
hyperbola be denoted by a\ 0% and the former be taken for 

F 2 
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the axis of x and the origin at the centre, their equations will 
bo as follow : 

For the ellipse, 

or 

--- -f — = 1, or + a'* 2 /* - = 0; 

o " 

and for the hyperbola, 

4-7^= ± l,ori'W-a'VTa'»J” = 0*, 

the under sign representing the conjugate hyperbola. 

The signs may be all changed if necessary, 
liy means of these two equations and the foregoing trans • 
formed equation, (/>), we deduce the following particulars re- 
lative to the general equation. 

(81.) 1st. \yhen A", lV\ are both nogati\e, and 0, 1 All — C® 
)m\o the same bign, the equation determines an elUps('; and 
when A", B", are both of them positive, and O and 1 AB — 
have ditTerent signs, the locus is also an ellipse]. 

(8Q.) j^nd. When A", B", arc of dilTerent signs, and (1 not 
= 0, the locus is an hyperbola. 

('^3.) 3rd. In each of these cases the squares of tlie prin* 
cipal semi-diameters are equal to 

±0 ± G 

A"(l AB — CO* B"(1AB — C'*)’ 

the under sign being for the ellipse, and cither sign for the 
hyperbola^ 

(81.) 4th. The values of G, A", B", arc determined from 
the equations 

G=:Ca^-.A//— Ba^-f c(lAB — C’O (1), 

= 

A" = A cos^uf -f B siiF w -f C cos u sin 
B" = A sin’ w -f 1^ <^‘Os’ oj — C cos u, sin u 

* For the immediate values of A", B", sec article 103. 

+ The conjugate hyjM‘rbolas liavc the conjugate axis of the other hyper- 
bolas for the transverse, and transverse of the others for the conjugate. 
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wherein u is the angle included between the original axis of x 
and the principal diameter of the curve. 


(85.) 5th. The position of the centre of the curve is 
determined by 


a/ 


4 AB— 4 AB — C* * 


(80.) Cth. When the equation is of the form 
Ax^ ^ B/ + -f c = 0, 

wherein the fourth and fifth terms of the general equation are 
wanting, we ha\e a = 0, b = 0, and thence x' = 0, y = 0, 
whicli tliereforo frliews the origin to he at tlie centre of the 
cur\e. This agrees witli equation (a), article 78, where the 
origin is transferred to the centre. 

(87.) 7th. By adding the equations (3), article 81, we find 

A" H- B" = A -f B. 

Hence we see that, whatever he the position of the axes of 
co-ordinates, the sum of the coefiicieiits of and y* will be 
the same. 


(88.) 8th. When G = 0 and also A" and B" of different 
signs, the general equation defines a straight line. 

For in this case the transformed equation (^), article 70, 
becomes 


which gives 


A^'x^ -f = 0, 


X 


s/ 


B"' 


and this value is real when A", B", have different signs. 

(80.) 0th. Tn the tw*o following cases it will bo found that 
no real values of .r and y can possibly fuTlil the equation {h ) ; 
and consequently that the equation can have no locus. 

First, When G and 4 AB — C® are of the same sign, and 
A", B", both of them positive. 

Second. When G and 4 A B — C’ are of different signs, and 
A", B", arc both negative. 
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(00,) lOtli. When 0 = 0, niul A", B", have the same sij?n, 
no real Millies of .r ami y can satisfy the equation (h), cxet'pl 
the }>artieulai* case of a* = (h // = G. Jn this case, thenOore, 
the locus is the single point correspoiuling ^Mth the new 
origin jc' j/', 

(^1.) lllh. It appears that hv changing the position (jf 
the origin to the centre the equation 

A X* -f litr 4- 0.r^/ ax -f -f c = t) 
is transrorm‘^<l into tlie form 

A .r • -f 4- ('d\f/ h =r i>, 


herein h = 

1 A IJ — C' 

Also, that hy tahing two other axes of eo-onlinates making 
an angle ^ with tlieso, that 


the equation 

Ax' 4 - \\y 4 - {\vy h ^ it 
hecomes of the fonn 

A'\r" 4- 4- A = n, 

wlirreln A" 4- B" = V -{- B ami the constant h is uneliangotl. 

(Og.) Igili. Let x ' bo the two scmii di'inu’tcrs of the 
cunc 

A^^ 4- 4- 4- /t = 0, 

which coincide witli the axes of co-ordinates to which it is 
referred, and tliey will he determined by taking first y = 0 
and then ;c = 0 in the equation, the results bedng 
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Let also a', h\ bo the principal semi-diameters which coin- 
cide with the axes to which the equation 


-f B"/ -f = 0 


appertains ; and we similarly have 


a 


f'i 



IP == - 


A 


Hence, as A'' -f B" = A -f- B, we have 


Ji 1 

y"‘ ~ ’ 

That is, the sum of the reciprocals of the squares of any 
two senii-diamotors of a curve of the second order, which are 
perpendicular to each other, is the same ; and, in reference 
to the general equation, is = 


A H- B 


A -b B 

_ 


(4 AB — C*). 


(on.) When 4 AB — = 0, we have (.‘io) of, y\ both of 

them iuftnit(\ which shews tlic centre of the curve to be 
inlinitely remote' from tho origin. It becomes hence neces- 
sary to consider this case separately. 

Let Ax^ B?/* -f Vxy -f- aa -f- -f c = 0 

be the general equation, in which 4 A B — c® = 0. 

Then, transferring the origin to a point x' y\ the cor- 
responding equation (70) is 

Ax^ 4* B^* 4 Cxy 

4 (^2 Ax' + C/ 4- rt)a? + (2B/ ^Caf + h)y 
4- (Aa/’ -f By* 4 Cx'y' + ax' -f hy' 4- c) = 0. 

Let x' y' determine some point in the curv’c, so that 
Ax''^ 4- By* 4* Ca?'y 4“ axf -p by' 4- c = 0, 
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and the equation becomes 

Ax^ -f By- -f Cx2/ 

+ -H cy -f a)ic -f (2 By -f Caf h)y ^ 0. 

But, since 4 AB — C- = 0, and C — 2 y AB, we have 
+ By 4-Ca;^ = (^yA -h y y/ 

Hence the reduced equation is equivalent to 

(x y A 4- y y B)^ 

4- (2Aa;' 4- (V 4- a)x 4- (‘^By 4- Cx' 4- = 0. 


(04.) We shall now, as in article 70, transfer this equation 
to two other rectangular axes proceeding from tho same 
origin, and making an angle, with tho former; and, (eq. 4, 
p, 8G), putting;!? cos w — y sin« and xsiuo; 4- t/coso? for a? and y, 
the resulting equation is 

{(cos^i; y A 4- siiiw y B);r — (siiiw y A — cosw y B)y}* 

4- {(2 A;!?' 4- cy 4" rt)coSft? 4'(*^By 4- Cx^ H- />)sin6;}a? 

— {(2Aa?' 4- t’y 4- a) sin a? — (2 By 4» Co/ 4- b) cosw} y = 0. 

Let 6t satisfy the condition 

cos 6 / y A 4- sin w y B = 0, 

which will give 

tantf =— y co8« =— y " sinft; = y — 7— > 

B A 4" B A 4" B 

and thenco 

sin « y A — cos « y B = y (A 4“ B) ; 

(SAa?' 4 - cy 4 - a)cos<.; 4 - ( 2 By 4 - Cx^ 4 - ^)Bin u 
(I ^y B 6 y A 
y(A4-B) 

and (2 A a' 4 - Cy' 4 - a) sin « — (2 By 4- C;i?' 4- cos*; = 
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a;*' v/a(a + b) + ay v/b(a + b; + 

= a V(A + B) +/^B + 

The equation thus becomes 


(A + B)y-. 


ct B — ft \/ A 
VCA + B) * 


-ay^A + B)|yyA + yyB + 


d A -|- 5 y B 
a(A + B) 




(05.) We have (03) assumed of to determine a point in 
the curve, but not restricted ourselves to any particular 
point; we may, therefore, take this point ^^herc the curve is 
intersected by a straight line whose equation is 


A 4" J/ n/ B + 


Q s/ A. -f- ft \/ B 
(A + B) 


by means of which we shall have 


icV A 


+ 2^ V B + 


a s/ A -f ft \/B 
'T(A -f"B) 




which reduces the equation to 


(A + B)y- 


CL i\/ B ““ ft A 
>/(A + B) 


. a? = 0, 


or 5^* — 


>/ B — ft «/ A 
(A 4- B)i 


x — 0 


(c). 


But tho equation of a parabola, whose parameter is p, 
taking the origin at the vertex and tho principal axis for the 
axis of X, is 

or y’ — ■ = 0. 

lienee the following particulars ^ 

y 3 
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(00.) l&t. When a s/ B — v/ A wo/ = 0, the locus is a 
X>arahoia whose parameter is equal to 

a s/ B — h A 

(A + B)^ 

(97.) 9ik1. According to article the C(pmtiou 


A’ n/ .V -j" ^ n/ H 4" 


n \/ A h \/ B 


and which i^j therefore 


defines a straight line inclined to the original axis of .r at an 
angle who>o tangent = — a / — . and which i^j therefore 

o o .y/ 

equal to b.\ the inclination to the axis of the ciuwo with the 
axis of ir\ t}ii*> line (95) also passing through the vertex 
It nuiist coincide with the axis of the cur>e. d’horeforc, 
the al»o\e (sjuatiou properly rtpn -.ont•^ the difinutrr 

of the cur\o; hy uniting it with the original «qnation, we 
may Inaioe find the co-onlmalf*'* yy of Us inteisectiun with 
the curve, or the vertex. 


(9^.) drd. If a •s/ B ^ h ^ A — o, ur a y B — h y A, 
the equation (r) gives biuiply 

//= 

which sliew.s the lor us in thi^ case to Ijp a straight line I'or- 
re'»j*onding with the now* axis of .r, the (qualion of which h 
givfii (97). 

(09.) till. The equation I A H — - = 0, giving = 
ih n/ ah, the values of the constants A, H, must have the 
same sign to make C real; tliat is, tliey must ho eitlier both of 
them positive or hotli negativi’; and Ikuicc* wo may consider 
them both positive, for, when negative, they can he made so 
hv j)rf‘liminarily changing nil the signs of the original equa- 
tion. If, under tlii> consideration, (; ho m'gativ** we shall 
li.ivc C = — ‘/i -v/ A H instead of -f ‘1 ^ A H ; in this case, 
the forrgoing operations hold good hy cither substitutitig 
— A instead of >/ A or — V' B for ^ H, or by considering 
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either A or B to have a negative value ; and tan u will 

A . A 

become hcnco = -f - instead of — . 

B B 

Thus we see that, when C is negative^ tan u is jwsitivcj aiid 
; and that, when C is positive, tan a is negative and 

<v 

1C 

The foregoing investigations lead immediately to the solu- 
tions of the three following propositions. 

( 100 .) To express the equations of the principal diameters of 
a curve of the second order, which is determined the general 
equation. 

The co-ordinates of the centre (B5) are 

^ 4AB — “"4AB— (P* 

Let a.' denote the inclination of one of the principal dia- 
meters of the curve with the co-ordinate axis of x\ and (84) 


from which 

sec 2 -- I , {(A - B)- -f C"} - (A - B) 

tan a; = — = V 

tan uj L 


Now the diameter being inclined to the co-ordinate axis of 
X at the angle a-, and also passing through the centre x ' of 
the curve, its equation (13) is 

3 / — y' = (^ —- x'^ tan w. 

Hence, by substitution, we have 

C’ <T. — % Ah 

^ d All — C' ~ 

/ c7--2na\ . {(A-By + C-}-(A-B) 

(* dAB — C- C "• ( )• 

for the equation of one of tho priucipal diameters. 
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The Other diameter passing through the centre }/ per- 
pendicular to this, its equation (15) is 


Ca — 

^ 4AB — 



Ci— 2B«\ C 

4AB — C- / '^{(A — B)-' + C“} — (A — B) ’ 


or, which is the same. 


Ca — 2Ai 
4AB — 0- 



C6 — 2Ba\ 
4AB — C- /■ 


{(A — B)''4-C=} + (A — B) 
v' 


(101.) Cor.l. If the origin of the ordinates be the centre of 
the curve, its equation (HO) will be of the form 

Aar + By” + Cry + c = 0 ; 

and wo shall have « = 0, 6 = 0. In this case, therefore, the 
equations of the principal diamelcrs are 


^ {U-B)= +C-}-(A-B) _ 




and ^ ^ , . 

o 


(102.) Note. The equation 

c 

tan 2 w = 

A — B 


* By uniting these equations of the principal diameters with the given 
equation of the curve we may thence find the positions of the vertices. 
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applies equally to both diameters. For, if 9 w fulfil this equa- 
tion, it will also hold good when 2 « ± is substituted ; and 

u denoting the inclination of one of the diameters, ± ^ will 

evidently be that of the other. 

From this equation we derive generally 

^ sec 9 a; — 1 . , {(A — B)^ -f C*} — (A — B) 

tan w = = ± J — ' , 


the upper sign appertaining to one of the axes, and the under 
sign to the other. 

Thus, by making use of the under sign, the equation f^) will 
become the same as the equation (y), and vice versa , be- 

cause 


{(A~B)HC-}-~(A-B) {(A-^B)-^-fC-}~(A->B) 

^ (; ‘ ^ c 


When 4 AB — C- = 0, see article 07. 

(103.) The equation of a curve of the second order being 
given to find the values of its principal semi’dia meters. 

The squares of the semi-diameters are (83) equal to 

± G ± G 

A"(4AB— C')’ B"(4AB — C')* 

wherein (84) 

0 = Ca6 — A^>* — Bfl^ -f-c(4AB — C^); 

A" == A cos* -f B sin* « -f C cos sin w , 

B" = A sin* « -f B cos’ « — C cos w sin w, 

and tan 2 •; = — — 

A - B 
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COS 


From the last wo deduce 


A — B \ 
V'{(A~B)“-fC^}A 

A — B 


V{(A-B/ + C^})’ 


cos u Sin « = 


and bonce wo get 

A + B + v/ {(A — By + C^} 


A" =■ 


„„ A + B->/{(A-By +C-} 

JJ — • 


These and the foregoing value of G substituted, the squares 
of the principal semi-diameters of the curvo are found 
equal to 

^ 2 {Cab — Ah’ — Ba" + c (4 AB — C’) 

^ (4AB- [A + B + v' {(A ~ B)*-^ + C^}] ’ 

^ 2 {QaP — A?/ — + c(l AB — C=^)} 

(4 AB -“C^) [A-fB — -v/ {(A ~ Bf -j- C^}J ’ 

the under sign being for the ellipse and either sign for the 
hyperbola (8d). 

(104.) When the origin is at the centre of the curvo (91) 
rt = 0, ^ = 0 ; and therefore, in this case, the squares of the 
principal semi-diameters are equal to 

±2c ±^c 

A + B + V {(A - B)* + C"} ’ A 4- B - v" {( A - Bf + C^}‘ 
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(iOo.) To determine the particular description of a curve of 
the second order from the immediate relative values of the oou^ 
slants which belong to its equation. 

In (81), (8i^), and the subsequent articles, the different 
cases arc severally stated, throughout the various relations of 
A", G, t AB — &c., where A", B", arc (84) expressed 

in terms of the coefficients A, B, C, by means of the arc u as 
a subsidiary. 1 1 is hence only necessary to transfer the rela- 
tions of A'', lV\ to those of the immediate coeflicients A, B, C, 
which may bo easily effected from their values which have 
already been found (lOd), viz.: 

A// ^ A-f B+ v/{(A-~B)Vc7 ^ 

2 

B- == A-i-B-^/{(A-B)^ + C^} 


Thus it is evident tliat, when (A + B)^ is greater than 
(A — B)- + th(‘ sign of A -J- B cannot be affected with 
cither the addition or subtraction of ^/{(A — B)- -}- C }, and, 
cunscqucmlly, that the values of A", B", will both have the 
same sign with A + B. But, when (A + B)“ is greater than 
(A — B)' + C~, w'C shall have 

+ B)^ — {(A — B) + Cr} = 1 AB — C" positive. 

Hence, when t AB — C- is ptositive. A'' and B'' will both 
of them have the same sign with A + B, that is, they will 
botli bo po.siti\c when A -f B is positive, and both negative 
when A -f B is so. 

It is also pretty obvious that, when (A + B)^ is less than 
(A — B)- + C*, the values of A", B", will have different signs, 
that is, the one will be positive and the otlier negative. 

In this case we shall ha\ c 

(A + B)* — {(A — B)^ + C"} “ 4 AB — negative. 
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Thus we see, when 4 AB — C* is negative, that A", B", are 
of different signs*. 

Again, under the class 4 AB — C® = 0, when the value of 
a>/B— 6v^A = 0, we shall have 

Sx/ACa-v/B — ^>/A) = 2aVAB — 2 Aft = 0, 
or Ca — 2A6 = 0. 

Hence, also, when a x/ B — 5 x/ A not = 0, we shall have 
Ca — %Ah not = 0. 

By carefully comparing these relations with the articles 
(51), (5-2), (58), (59), (60), (06), and (08), we find tlie 
different descriptions of the curve to be as in the following 
arrangement, wherein 

G = Cah - Alf- — Ba" -f- c (4 AB — C^). 


* These relations are also pretty evident from the equations 
A" + B" = A + B, 

4A^'B" = 4AB -C2. 



When 4 AB — C* is positive, and A + B and G are of different signs, the locus is an Ellipse, 
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(lOG.) Parabola related to its Conjugate Diameters. 
Substitute for x and y respectively, the values 

a -j- xcosa 4- ycosa', and h -f ^sina +ysina'; 
in tlio equation p being the parameter, and we have 

Ir + (^ sin a +3/ sin a'f -f 2 /> {x sin « -|- ?/ sin a') 

= + iC'siira -f ^/'siir«' 4- sinasina' 4- 2/>^sina 

-f 2/>ysiua' :=p{a 4- xco^a 4- ycosa'), or 

j/-siira' 4- ^c^sin'a -f 2 sin a sin a' 4- b- — np 
-}- (2isinrt — pcosa)^; 4- (2/>siiia' — pcosa')^^ 


| = 0 ...( 1 ). 


Tliat this equation may be of the form = kx, the 
follo^^ing conditions must obtain 

sinasina' = (b sin-a = 0, 2Z»siiia' — pcosa' = t), 



As the second of tho above conditions establishes the 
first, it follows that, to determine a, a', a, h, we have only 
three distinct equations. Thus the number of systems of 
axes with respect to which tlic equation preserves the abovo 
form is infinite. The relation sin a = 0 shews, besides, 
that tho angle contained by the old and new axis of ir = 0, or 
the now axis of ir, is parallel to the principal axis. Therefore, 
in the parabola all the diameters are parallel to the principal 
axis. 

In the second place = 0, being that w^hich — px, 

or — piT = 0, becomes when wo replace x and ?/, for the 
co-ordinates, o, b, of the new origin, wo conclude that this 
origin is on the curve. In giving to a any arbitrary value, 
wc find from the equation — p a = 0, the corresponding 
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Naliio of h, and the point A' determined by these values repre- 
sents the new origin. 


Lastly, the equation 2 h sin «' — - y? cos ot! = 0, gives 


tan oJ = 


L. 


(4). 


'\Nhicli is an expression similar to a = — , which has been 

found for the tangent to a parabola, which shews that tUe 
neiv axis of ?/ is a tangent to the curve. 


By equation (4), 


tan^ «' = 


jr 

4/r’ 


COS^ a' 


4 H- p- ’ 


fiiir a = tan^ a' cos^ o' = 






Ab^ 4 -f 




V 


4 b^ 4- jr 4pa 4- 4 a 4- p 


(since b^ = p a), 


P 


siir' o' 


= A a 4- p = 4 



)■ 


Now, if we suppose AG to be the abscissa of the new origin 
A' lelated to tlie old axes, and we draw tho radius vector FA', 

p 

wo know that tliis radius vector is expressed by a + j » there- 


V 

f{jro ~ ^ parameter of the parabola 

rtdated to a system of conjugate axes is four times the dis- 
tance of the focus from the new origin *. 

Putting p' for the new parameter, we have the equation 
?/' = X for the equation of the parabola related to its dia- 
meters. 

o 

o V 

The equation =p'.r, or ~ = p', shews that, for any 

system of conjugates, the squares of the ordinates are propor- 
tional to the corresponding abscissa). 

* This has been done in a dilTcrciit way at page 89. 
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Examples. 

(1.) Let a circle be described, radius R, about a triangle 
formed by tliree tangents to a parabola, whose latus rectum is 
a, and let bo the rectangular absciss® of the three 

points of contact, measured from the directrix, then 

(2.) Given the base of a triangle and the sum of the tangents 
of the angles at the base, to determine the locus of the vertex. 

( 3 .) If an ellipse the greatest jiossible be inscribed within a 
given triangle, and within the ellipse the greatest triangle, 
and again within the triangle the greatest ellipse, &c., ad 
infinitum, find the sum of the area of all the triangles and 
of all the ellipses. 

( 4 .) Given the base of a triangle and the dilTerence of tho 
angles at the base, to determine the locus of the vertex. 

( 5 .) Find the locus of the intersection of the tangent to a 
parabola, and the perpendicular upon it from the vertex. 

(6.) Shew’ that the locus of the focus of a parabola which 
shall touch a given straight line, and have a given vertex, is 
a parabola. 

( 7 .) If any two conic sections have a common focus, their 
intersections range upon two straight lines passing through 
the intersection of the directrices. 

(8.) Given the base and sum of the sides of a triangle, to 
find the locus of the centre of the inscribed circle. 

( 9 .) Given the base of a triangle and the sum of the other 
two sides, to find the locus of the inscribed circle. 

(10.) Tangents to a parabola form a given angle with each 
other ; what is the locus of their point of intersection ? 

(11.) A series of circles being described touching the 
double branches of the cissoid; the first also touching the 
directrix, the second the first, the third the second, and so 
on, it is required to determine the abscissa of the point of 
contact of the nth circle. 

(12.) Let seven points in a conic section be connected in 
any order by the successive lines a.^, ftg ... «7, forming any 
closed heptagon ; let P,„„ be the intersection of and : 
then the three pairs of lines P,4 P37 and P,5 P^a, P35 P^j and 
Paa P37, P,^ P35 and P,5 Pja» will intersect in the same straight 
line. 
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(13.) Let 

z= +2^^ -f c (1 ), 

y-=z= + 2^^^ + c (2), 

be the equations to two conic sections ; then, if 

(J) — ± 2 (6- — ac)\ (6/ — a^c)i, 

an indefinite number of triangles may be inscribed within (1) 
wdiose sides shall be tangents to the curve (2). 

(14.) If three points be taken in a parabola, the ordinates 

of which are mp, np, and — - . p. the circle which circum- 

scribes the triangle formed by tangents at these points, will 
pass through the vertex and focus : if the ordinates be 7npf 

npi and — - • . p^ it \Aill pass through the focus and 

m 71 ^ ° 

the intersection of the axis and directrix: if mj!?, np, and 

— . j) it will touch the axis at the focus ; p being 

m -f n x- D 

the semi-parameter, and m and n any numbers. 

(15.) If two conic sections, whose axes are parallel, inter- 
sect one another, the lines joining the points of intersection 
are equally inclined to the axis. 

(IG.) Any seven points being given, two others can be as- 
signed, such that the thirty-six connecting lines of the system 
shall be tangents by six together of twelve conic sections. In 
how many ways can these points be found ? 

(17.) A conic section is cut in four points by a circle, and 
two lines, each passing through two of the points of intersec- 
tion, are made the axes of co-ordinates, their point of meeting 
being the origin; shew that the equation to the conic section is 
of the form -f bxy -J- y- + da? -f -f / = 0. 

(18.) Describe a circle touching three semicircles, the 
distance of its centre from the diameter = 2 (its radius). 

(19.) The tangents at the extremity of any focal chord are 
perpendicular to one another. 

(20.) One circle touches another internally, and another 
circle touches both of them; find the locus of the centre of 
this latter circle. 

(21.) In the parabola, if PT and QT be tangents to it at P 
and Q, respectively, intersecting in T and PQ, a normal at Q, 
then will the directrix bisect P T. 



118 


ANALYTICAL GEOMinRY. 


(22.) The locus of the feet of the perpendiculars, dropped 
from the focus upon the tangent to a parabola, is the line that 
touches the parabola at its vertex. 

2 cf 

Jf — 1/ = — (jc — x'). 


.•.y = y.+ 


y 


p — — ir ax\ = a- + ax'. 

Let = o in the equation, y if = 2 u (.r -f 
and yy = 2 x'. 


2 a 



o 




A of ^ 


-f- Cl" = ax' -fa’, as before, 


the locus is as above. 


(28.) From the vertex of a parabola a straight line is drawn, 
inclined at an angle of 15° to the tangent at any point ; find 
the equation to the curve \Nhieh is the locua» of their iiiterscc- 
tion. 

Let a/,y'j be the co-ordinates of P, then, since it is in the 
parabola, 

y'- = Aax' (1), 

equation to the tangent at P i'^yy' = 2 a (a’-f .r') ... (2), 

Z. RAT = dS*" ~ RTA, 


_ 

y' y — 2 a 

tan RAT = - tan RAX = = — » 

2a + 2 a 



ANALYTICAL GEOMETBY. 


119 


or tan RAX ; 




‘Xa y' 

equation to R A, passing through the origin, is 




X ^ xf ^ 


from (2), yf a — ) 


( 3 ) , 

( 4 ) . 


and from (3), 2 ay + yy' r=z%ax — xy\ 


or (a? + y) / = 2 a (^ — y), 


■ y = 2a 

\x -f y / 

(fi). 

(l)and (5) 

X X 0? — y 

• *'- + 

y "” ■* + y’ 

+ y 


By (4), substituting for x\ y' =z Si a ^ - 


Substituting these \alues of a/,y', in (1), we obtain 


a {x — yY + (^ + y) [X- -f =0, the equation required. 


(24.) Prove tliatthc length of the longer normal to the ellipse 



(25.) Pind the equation to the normal to a parabola under 
the form y -f )lam =z mx — a7?i\ 

(20.) Determine the locus of a point within a plane triangle, 
so that the sum of the squares of the straight linos drawn 
from it to the angular points is constant. 

(27.) Given the base of a plane triangle and the diffei'ence 
of the angles at the base ; find the curve traced by the vertex. 

(28.) Two given unequal circles touch one another exter- 
nally ; shew that the locus of the centre of u circle which 
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always touches the other two is a hyperbola. Find the axes 
and e, and shew what the hyperbola becomes when the given 
circles are equal. 

(29.) Shew that, by transforming the axes through 30’’, 
the equation 

= 3 . a?’ -f 2 >/T. xy y 
belongs to the common parabola. 

(30.) If, with the co-ordinates of any point in the quadrant 
of an ellipse as semi-axes, another quadrant be described, with 
the same centre, the chord of the former will always be a tan- 
gent to the latter. 

Let xyhQ the co-ordinates of P, 

XY those of T. 

Then equation to the exterior ellipse is 

r = (1), 

o 

andY“ = ^ (a;- — X') is equation to the interior ; 
substituting from (1) this becomes 

= ( 2 ); 

equation to A B is 

Y — 6= — - X, 

G- 

Y=6 — X = -(a— X) 

a a 

combining (3) with (2) 


( 3 ); 
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a* — 2aXa- + = 0 , 

(a^ — « X)® = 0, 

— a X = 0, 



a 


Hence the chord meets the quadrant in only one part, and 
therefore a tangent to it. 

(31.) The side of an equilateral hexagon inscribed in an 
lipso eccentricity e, with two sides parallel to the axis 
ajor, is to the side of one inscribed in a circle on major 
as : : 4 — 2 : 4 — 

Let A P be tlie side of the hexagon in ellipse, then a and ^ 
dug the co-oiniinates of P, and AC = «. 


A P =s >y/ (a — irf -I- = PQ, 

= 2 a, 

(a — + 1/^ = 4 a\ 


;= 4 — (a — aif c= (1 — (a^ — .t*) by the ellipse, 

(4 ■=“«*) 4- 2 a a? = (2 -r- e^) a*. 


4“ 


U a 

4 — 


2 

4 — 


^ + TZi> * + (4 14 - + (4 - 


8 — 4e* — 2 e* 4- 4- 1 

(4-«T 


9_6e‘-* + e^ „ 

--(TZe^y *’ 

G 



122 


ANAT.YTICAL GEOMETRY. 




3 — e- 




4 — <?- 4 — 

3— /0_^2> 


-1 /2~^2\ 

^ (4-.e0^’ 


( 2 ““ \ 

4 ?/ ’ 


and side of hexagon in the circle on major axis = a, 
AF : • 4 — 2/»- : 4 — e^. 


(32.) If f', radii vectores, be at right angles to each other 
from the centre of an ellipse, - + — = — + 

a-y- 4- b'x^ a’h\ 

* * ^ sin^ 0 4-^“ cos^ 0 ’ 

G" 6*' 


and e'“ = -r, r 

’ />.- nr\a- 


a' cos- 6 4- O' sin- 9 ’ 


1 a® sin- 0 4- cos^ 0 P — (i® — a^) sin^ 0 

e* b’* 



a- 4- — a-) sin^ 0 


1 1 _ a 4- _ 1 1 

e" a? 


(33.) If two parabolas have a common axis, a straight line 
touching the interior, and bounded by the exterior, will be 
bisected in the point of contact. 

(34.) If C be the centre of an ellipse, and in the normal 
any point p, PQ be taken equal to the semi-conjugate at P, 
will trace out a circle j’ound C. 


C B 
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(35.) An ellipse has a square described, touching it at the 
extremities of the minor axis ; an ellipse upon the major axis 
circumscribes this square. This ellipse is dealt with in the 
same way as before, and these operations are continued till 
there are (n + 1) ellipses altogether; prove that if the original 


eccentricity 

circle. 



the last ellipse becomes a 


The side of the square must evidently be 2 Z», and if 5^ = 
semi-minor axis of the first circumscribing ellipse, 




a* 6* = V {a® - b% 

similarly. V = 




d‘b'‘ 

- - • 


But if this last ellipse be a circle, =; a^, 

(1 + n) ^ d\ 

1 


d' 1 -f n 


h- 


But = I 17=1 


1 


1 4- 1 -i- 71 ’ 
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(36.) If — a?*=:a*, and 3i^y = o*, represent the satoe 
curve referred to rectangular axes \vith the same origiii, find 
the angle the axis of one system makes mih the axis bf the 
other. 

Let 6 equal the angle required ; then, since 

X = sc cos 6 — y sill d, 

^ = ii? sin d 4- ^ cos d ; 

therefore, substituting in the first 

{x sin d 4- y cos d)® — (a: cos d — y sin d)* = 
or {x^ — (sin* d — cos* d) 4* sin d cos d = 

and this is to have the form a* = 3 xy, 

sin* d — cos* d = 0, 3 sin d cos d = 1 , 

or sin* d ss cos* d, and sin d i oes ^ 

<v 



(37.) Shew that a conic section is the Idcusof a point whose 
distance from a given point is a linear function of co-ordinate 
of the former point. 


r = A 4- -f Cy, 
r* = 4- y* = (A 4- B:c 4- <^y)\ 

an equation of the second degree ; therefore, that to a conic 
section. 

(38.) Shew that the angle between two conjugate diameters 
in an ellipse can never be acute, and the angle between 
any two conjugate diameters in the hyperbola can never be 
obtuse. 
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If y be the angle between the conjugate diameters, 


y = mx^ 
y = 


tany = tan(— a -f jS) 


i!ii! — m 

1 -f mm! ’ 


and this in the ellipse 


~m!“ 


and is negative ; therefore y is obtuse. 


In the hyperbola, mm^ •=■ therefore, m and m' have the 

same sign or the conjugate diameters lie in the same quad- 
rant; therefore, the angle between them is never obtuse. 

(30.) In the hyjierbola, if the straight line joining the points 
of contact of two tangents which intersect in a point (A^) 
(external) always pass through the focus, find the locus of 
the point. 

The equation to the line joining the points of contact is 


d^Uy — b^hx = — 

X = G6*, y = 0 ; 


thereJfor^, Btbstltuting ^ 

or hae = h = 

e 

therefore the locus is the directrix. 

(40.) Find the condition that the curve ax^ 
may have an asymptote. 
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(41.) Find the equation to a circle referred to two tangents 
as co-ordinate axes, and obtain also the equation to the tan- 
gent to the circle thus referred. 

Let Ax, Ay, be the co-ordinated axes, P any point of the 
circle whose co-ordinates are a*, y, and c = the radius of the 
circle whose centre is C. Join C P ; then 

{x — cY + (y — cf = 
or, x" -f y" — 2c {x -f y) -f c' = 0, 

is the equation to the circle. 

Again, from C draw C V parallel to Ax, meeting the tangent 
PT at the point p, in V and draw PN parallel to Ay, then 

Z. PTA = Z. CPN, and tan PTA = — tan VT x, 

tanPT^=: , 

y — c 

consequently the equation to P T passing through the point 

y — 

or, (Y + (X - x) (x>^c) = u, 

which is the equation to the tangent. 

(42.) In an ellipse, if a be the vectorial angle of the point 
of contact referred to the focus, the polar equation to the 
tangent is 

a (1 — = r {c cos ^ + cos (0 — a)} ; 

hence, shew that the straight line joining the focus and the 
intersection of two tangents bisects the angle between the 
radii vectores of their points of contact, 

ASP = a. 

If . a? be the abscissa of P, the point of contact from the 
centre of the ellipse, 

SP=:a^ex) a* r/c.SP 

J. /.sT=s= ae = — • 

/. cx = a — SPj X fl — SP 
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The equation to a straight line is - == Acos^ -f Bsin^. 

r 

If a n A ^ a — SP cosa-f<? 

If p = 0, A = — = — = (when 0 == a) 

ST ae.SP ^ 

from equation r = s p = 

^ 1 -f <?cos B 


and 11 : 


rt(i — «-) 


1 cos d -h cos (0 — a) 

r a (1 — e^) 


For the point of intersection of two tangents to the points 
whose vectorial angles are a, we have 

e cos ^ + cos a) = c cos ^ + cos {B — 
cos (d — a) = COb {B — 

(9 — « = /S — <9, 

(43.) Find the relation among the coefficients in the gene- 
ral equation of the second order, that all diameters may be 
parallel to one another. 

(44.) Let lines be drawn from the vertex of a parabola to 
the angles of a triangle formed by the intersection of three 
tangents to the curve, make angles with the axis denoted by 
6', 6", 6'" ; also let the lines drawn from the vertex to the 
points of contact make angles with the axis denoted by 
0p Og, 03. Then 

tan 0' 4- tan 0" + tan 0"' = tan 0^ + tan 0jj 4- tan 03* 

(45.) Construct the curve whose equation is • 

ay 2^ -h a — 1 = 0, 


(40.) Find the position of the curve of which the equa- 
tion is 

j?/- — ■ 2ay 4- 4- — 4a? — • 3 = 0. 
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(17.) TP and TP' are two 
tangents to a parabola, at right 
angles to each other, 

T P = &, and T P' = c : 
find the latus rectum 



(4ft.) Given the base of a triangle, and the product of the 
tangents of the base angles, to find the locus of the vertex. 

(40.) Given the base of a triangle, and the difference of the 
tangents of the angles at the base, to find the locus of the 
vertex. 

(50.) Given the diameter of a parabola, and a tangent 
through its vertex, to find the locus of the vertex. 

(51.) If (aa* + /S?/ == y) be the equation of any tangent to 
the ellipse, to determine what relation must hold between a, 
and y. 

(52.) If S and be the angles which two conjugate semi- 
diameters r and r' of an ellipse make with the axis major, to 
shew that 

bin (d' -j- d) _ r — r'' 

• 

(53.) The product of the two perpendiculars let fall from 
any point of the hyperbola upon the asymptotes is invariable. 


Ci. Woodfall and bon. Printer, Anffcl Court, Skinner .Stieet, London. 



lEW [AND PERMANENT] LIST OF WORKS 

PUBLISHED BT 

JOHN WEALE, 59, HIGH HOLBORN, LONDON. 

SEBIES OF EUDIMENTAEY WOBES 

FOB THB USE OF BEGINNEBS. 

1856. 

1. Chemistry, by Prof. Fownes, F.R.S., includiDg Agricultural Che- 

mistry, for the use of Farmers. 4tli edition . « . .Is. 

2. Natural Philosophy, by Charles Tomlinson. 2nd edition • . 1«. 

3. Geology, by Lieut.-Col, Portlock, F.R.S., &c. 2nd edition . Is. 

4. 5. Mineralogy, by D. Varley, 2 vols. 2nd edition . , . . 2s. 

6. Mechanics, by Charles Tomlinson. 2nd edition . . . .Is. 

7. Electricity, by Sir William Snow Harris, F.R.S. 3rd edition Is. 6c2. 

8. 9, 1 0. Magnetism, by the same, 3 vols. ..... 3s. 6d 

11,11* Electric Telegraph, History of the, by E. Highton, C.E., 

double Part 2s. 

12. Pneumatics, by Charles Tomlinson. 2nd edition . . . .Is. 

13, 14, 15. Civil Engineering, by Henry Law, C.E., 3 vols.; and 

15* Supplement 4s. 6d. 

16. Architecture (Orders of), by W. H. Leeds. 2nd edition . . Is. 

17. Architecture (Styles of), by T. Bury, Architect. 2nd edition, with 

additional cuts Is. 6d, 

18. 19. Architecture (Principles of Design in), by E. L. Garbett, 

Architect, 2 vols 2s. 

20, 21. Perspective, by G. Pyne, Artist, 2 vols. Srd edition . . 2.?. 

22. Building, Art of, by £. Dobson, C.E. 2nd edition . . . .Is. 

23, 24. Brick-making, Tile-making, &c.. Art of, by the same, 2 vols. 2s. 

25, 26. Masonry and Stone-cutting, Art of, by the same, with illus- 
trations of the preceding, in 1 6 4to. atlas plates . ... 2s; 

27) 28. Painting, Art of, or a Grammar of Colouring, by George 

Field, Esq., 2 vols 2s. 

29. Draining Districts and Lands, Art of, by Q. R. Dempsey, C.E. . Is. 

30. Draining and Sewage of Towns and Buildings, Art of, by 

G. R. Dempsey, C.E U. 6d, 

81. Well-sinking and Boring, Art of, by G. R. Burnell, C.E. 2nd 

edition . Is, 

82. UsB OF Instrument^ Art of the, by J. F. Heather, M. A. Srd edition Is. 

S3. Constructing Cranes, Art of, by J. Glynn, F.R.S., C.E. . . .is. 

84. Steam Engine, Treatise on the, by Dr. Lardner .... Is. 

85. Blasting Rocks and Quarrying, and on Stone, Art of, by 

Lieut-Gen. Sir J, Burgoyne, K.C.B., R.E. 2nd edition « • 1«. 



2 


JOHN WEALE’S 


RUDIMENTARY 'VV'ORKS. 

56, 37, 38, 39. Dictionary of Terms used by Architects, Boilderi, 

Civil and Mechanical Engineers, Surveyors, Artists, Ship-bnildeii, 

&c., 4 vols. 4a. 

40. Glass-Staining, Art of, by Dr. M. A.Gcssert • • , .la. 

41. Painting on Glass, Essay on, by E. O. Fromberg , , . . 

42. Cottage Building, Treatise on, 2nd edition la. 

43. Tubular and Girder Bridges, and others, Treatise on, more 

particularly describing the Britannia and Conway Bridges, with 
Experiments la. 

44. Foundations, &c.. Treatise on, by E. Dobson, C.E. . . la. 

45. Lime(B, Cements, Mortars, Concrete, Mastics, &c.. Treatise on, 

by Geo. R. Burnell, C.E. . la. 

46. Constructing and Repairing Common Roads, Treatise on the 

Art of, by H. Law, C.E la. 

47. 48, 49. Construction and Illumination op Lighthouses, 

Treatise on the, by Alan Stevenson, C.E., 3 vols 3a. 

50. Law op Contracts for Works and Services, Treatise on the, 

by David Gibbons, Esq la. 

51, 52, 53. Naval Architecture, Principles of the Science, Treatise 

on, by J. Peake, N. A., 3 vols 3a. 

54. Masting, Mast-making, and Rigging of Ships, Treatise on, by 

R. Kipping, N. A la.Gd. 

55, 56. Nay|bation, Treatise on ; the Bailor's Sea-Book. — H ow to 

keep the log and work it off — Latitude and longitude — Great Circle 
Sailing — Law of Storms and Variable Winds; and an Explanation 
of Terms used, with coloured illustrations of Flags, 2 vols. . . 2a. 

57, 58. Warming and Ventilation, Treatise on the Principles of the 

Art of, by Chas. Tomlinson, 2 vols 2a. 

59. Steam Boilers, Treatise on, by R. Armstrong, C. E. . . . la. 

60, 61. Land and Engineering Surveying, Treatise on, by T. Baker, 

C.E., 2 vols 2a. 

62. Railway Details, Introductory Sketches of, by R. M. Stephenson, 

C.E la. 

63, 64, 65. Agricultural Buildings, Treatise on the Construction of, 

on Motive Powers, and the Machinery of the Steading; and on 
Agricoltural Field Engines, Machines, and Implements, by G. H. 
Andrews, 3 vols. . • • • ... 3a. 

66. Clay Lands and Loamy Soils, Treatise on, by Prof. Donaldson, A.E. la. 
67, 68. Clock and Watch-making, and on Church Clocks, Treatise 

on, by £. B. Denison, M.A., 2 vols. ...... 2a. 

69, 70. Music, Practical Treatise on, by C. C. Spencer, 2 vols. . . 2a. 

71. Piano-Forte, Instruction for Playing the, by the same . • .la. 

72, 73, 74, 75. Recent Fossil Shells, Treatise (A Manual of the 

Molluscs) on, by Samuel P. Woodward, and illustrations, 

4 vols. 4a. 

76, 77. Descriptive Geometry, Treatise on, by J. F. Heather, M.A., 

2 vols 2a. 

77*. Economy op Fuel, Treatise on, particularly with reference to Re- 
verberatorv Furnaces for the Manufacture of Iron and Steam 



NEW LIST OF WORKS. 


RUDIMENTART WORKS. 

78, 79. Steam as applied to General Purposes and Locomotite 

Engines, Treatise on, by J. Sewell, C.E., 2 toIs 2t. 

79* Rudimentary Work on Piiotography, containing full instructions 
in the Art of producing Photographic Pictures on any material 
and in any colour ; and also Tables of the Composition and Pro- 
Mrtios of the Chemical Substances used in the several Photographic 
Processes. By Dr. H. Halleur, of Berlin. Translated from the 
German, by the advice of Baron A. von Humboldt, by Dr. Strauss la 
80, 81. Marine Engines, and on the Screw, &c.. Treatise on, byB. 

Murray, C.E., 2 vois 2s. 

80*, 81*. Embanking Lands prom the Sea, the Practice of, treated as 
a Means of Profitable Employment of Capital, by John Wiggins, 
F.G.S., Land Agent and Surveyor, 2 vols. 2f. 

82. 82*. Power of Water, as applied to Drive Flour-Mills, 

Treatise on the, by Joseph Glynn, F.R.S., C.E 2s. 

83. Book-Keeping, Treatise on, by James Haddon,M. A. . . .la 

82**, 83*. Coal Gas, Practical Treatise on the Manufacture and Distri* 

bution of, by l^muel Hughes, C.E., 3 vols. . . ..3a 

83**. Construction op Locks, Treatise on the, with illustrations . la 6c{. 
83 bis. Principles op the Forms op Ships and Boats, by W. 

Bland, Esq. la 

84. Arithmetic, Elementary Treatise on, the Theory, and numerous Ex- 

amples for Practice, and for Self-Examination, by Prof. J. R. Young la6(L 
84*. Key to the above, by Prof. J. R. Young . . . , la Cci. 

85. EquATiONAL Arithmetic : Questions of Interrat, Annuities, and 

General Commerce, by W. Hipsley, Esq. ..... la 

80, 87. Algebra, Elements of, for the use of Schools and Self-lnstruc- 

tion, by James Haddon, M.A., 2 vola ..... 2a 

88, 89. Geometry, Principles of, by Henry Law, C.E., 2 vols. , , 2s. 

90. Geometry, Analytical, by James Hann la 

91, 92. Plane and Spherical Trigonometry, Treatises on, by the 

same, 2 vols 2«. 

93. Mensuration, Elements and Practice of, by T. Baker, C.E. • . la 

94, 95. Logarithms, Treatise on, and Tables for facilitating Astrono- 

mical, Nautical, Trigonometrical, and Logarithmic Calc^ations, by 
H. Law, C.B., 2 vols. 2a 

96. Popular Astronomy, Elementary Treatise on, by the Rev. Robert 

Main, M.R.A.S. la 

97. Statics and Dynamics, Principles and Practice of, by T. Baker, C.E. la 

98, 98*. Mechanism, and Practical Construction of Machines, 

Elements of, by the same, 2 vols, 2s. 

99, 100. Nautical Astronomy and Navigation, Theory and Practioe 

of, by H. W. Jeans, R.N.C., Portsmouth, 2 vols. ... Us. 

101. Differential Calculus, by W. S. B. Woolhouse, F.R.A.S. • • 1«. 

102. Integral Calculus, by Homersham Cox, M.A. • ... la 

103. Integral Calculus, Collection of Examples of the, by James Hann la 

104. Differential Calculus, Collection of Examples of the, by J. 

Haddon, M.A. ........ • 1& 

105. Algebra, Geometry, and Trigonometry, first MnemoDicfJ 

X^essons in, by the Rey. Thomas Penyngton Kirkman, M.A. li. 6d 
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BUDIMENTABY WOBKS. 

irsw BWMxms or »troATXOirAXi womsi 

OB 

Volumes intended for Public Instruction and for Reference : 


The public favour with which the Rudimentary Works on acientific subjects have 
been received induces the Publisher to commence a New Series, somewhat different 
in character, but which, it is hoped, may be found equally serviceable. The 
Dictionaries of the Modern Languages are arranged for facility of reference, 
BO tliat the English traveller on the Continent and the Foreigner in England may 
find in tliem an easy means of communicaUon, although possessing but a slight 
acquaintance with the respective languages. They will also be found of essential 
service for the desk in the merchant’s office and the counting-house, and more 
particularly to a numerous class who are anxious to acquire a knowledge of 
languages so generally used in mercantile and commercial transactions. 

The want of small and concise Greek and Latin Dictionaries has long been 
felt by the younger students in schools, and by the classical scholar who requires 
a book that may be carried in the pocket ; and it is believed that the present is 
the first attempt which has been made to offer a complete Lexicon of Uie Greek 
Language in so small a compass. 

In the volumes on England, Greece and Rome, it is intended to treat of 
History as a Science, and to present in a connected view an analysis of tlio largo 
and expensive works of the most highly valued historical writers. 'I'he extensive 
circulation of tlie preceding Series on the pure and applied Sciences amongst 
students, practical mechanics, and others, affords conclusive evidence of the 
desire of our industrious classes to acquire substantial knowledge, when placed 
within their reach ; and this has induced the hope that the volumes on History 
will be found profitable not only in an intellectual point of view, but, which is of 
still higher importance, in the social improvement of the people ; for without 
a knowledge of the principles of the English constitution, and of those events 
which have more especially tended to promote our commercial pros|)erity and 
political freedom, it is impossible that a correct judgment can be formed by the 
mass of the people of the measures best calculated to increase the naiioual 
welfare, or of the character of men best qualified to represent them in Parliament ; 
and this knowledge becomes indispensable in exact proportion as the elective 
franchise may be extended and tlie system of government become more under 
the influence of public opinion. 

The scholastic application of these volumes has not been overlooked, and a 
comparison of the text with the examinations tor degrees given, will show their 
applicability to the course of historic study pursued in the Uni versi ties of 
Osinbridge and London, 

J, 2. Constitutional History of Enoland, 2 volB.,by W. D. Hamilton 2s. 
8, 4. — DOWN TO Victoria, by the 

same . . . 2t, 

5. Outline of the History of Greece, by the same . . . • Is. 

6. — TO ITS becoming a Roman 

pROTiNCi^ by the same Is. f><f. 

7. OtJTUNs History of Romb Is. 

to the Decline * . .Is, Cd, 
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AUDIHENTARY WORKS. 


. 0,10. A Chronology of Civil and Ecclesiastical History, Lite&a* 

TURK, Science, and Art, from the earliest time to a late period, 

2 vola , by Edward Law. 2f. 

11. Grammar of the English Language, for use in Schools and for 

Private Instruction, by Hyde Clarke, Esq., D.C.L. . . . U. 


12, 13. Dictionary of the English Language. A new and compressed 
Dictionary of the En^lhh Tonf^ue, as Spoken and Written, including 
above 100,000 words, or 50,000 more than in any existing work, 
and including 10,000 additional Meanings of Old Words, 2 vols. 


in 1 , by the same . 38 . 6 d , 

14. Grammar op the Greek Language, by H. C. Hamilton . . U. 

15, 16. Dictionary of the Greek and English Languages, by H. R. 

Hamilton, 2 vols. in 1 2 s . 

17, 18. English and Greek Languages, 2 vols. in 1, 

by the same . . . ....... 28. 

19. Grammar of the Latin Language Is. 

20, 21. Dictionary of the Latin and English Languages . . .28. 

22, 23. — English and Latin Languages . . . ls . 6 d . 

24. Grammar of the French Language, by Dr. Strauss, late Lecturer 

at Bebau9on . . . . .18. 

25. Dictionary op the French and English Languages, by A. Elwes l8. 

26. English and French Languages, by the same l8. 6 d . 

27. Grammar op the Italian Language, by the same . . . .18. 

, 28, 2D. Diciiunary op the Italian, English, and French Languages, 

by the same 2s. 

30, 31. English, French, and Italian Languages, 

by the same .28. 

32, 33. French, Italian, and English Languages, 

by the same 2r. 

34. Grammar op the Spanish Language, by the same .... Is. 

35, 36. Dictionary of the Spanish and Engusu Languages, by the 

same 28. 

37, 38. English and Spanish Languages, by the 

same 28. 

30. Grammar of the German Language, by Dr. Strauss ... It. 

40. Classical German Header, from the best Authors, by die same . 1#. 

41, 42, 43. D1CT10NARIF.S of the English, German, and French 

Languages, by N. E. S. A. Hamilton, 3 vols 3 s . 

44, 45. Dictionary op the Hebrew and English and English and 
Hebrew Languages, containing all the new Biblical and Rabbinical 
words, 2 vols. (together with the Grammar, which may be had 
separately for l8.), by Dr. Bresslau, Hebrew Professor . 7t. 


SUPPLBMBNTART TO THB SERIES. 

Domestic Medicine ; or complete and comprehensive Instructions for Self-aid 
by simple and efficient Means for die Preservation and Restoration of 
Health ; originally written by M. Raspail, and now fully translated and 
adapted to the use of the British publio. U. 6dL 
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7*. Galvanism, by Sir William Suow Harris » • . . 1«. CJ. 

62. RAiLWAYb, beiug vol. ii 1«. 

7^*. Supplement to Recent and Fossil Shells . • « • la. dd, • 

7S*. Rudimentary Treatise on Locomotive Engines . . . *1^. 

79** Atlas to the preceding; examples of the several Engines in detail, 

4to 3ff. 6d. 

82***. On Wateb. Works for the Supply of Towns, 3 vols. • • * 3s, 

86, 87*. Key to the Elements of Algebra la. Gif. 

101*. On Weights AND Measures OF all Nations . . • 1«. 6d. 


THE WORK ON 

BRIDGES OF STONE, IRON, TIMBER, 
AND WIRE. 

In 4 Vols., bound in 3, described in the larger Catalogue of Publications ; to 
which the following is tlie Supplement, now completed, entitled 

SUPPLEMENT TO THE THEORY, PRACTICE, AND 
ARCHITECTURE OF BRIDGES OF STONE, IRON, 
TIMBER, WIRE, AND SUSPENSION,’’ 

In one large 8vo volume, with explanatory Text and 68 Plates, comprising 
details and measured dimensions, in Parts os follows : — 


Pu4 1. 

« . . C<. 

„ n. . . 

6a 

„ III. . . 

. • . 6a 

„ IV. . . 

, . . 10«. 

„ V.&VI. . 

. 20a 

Bound in half-morocco, uniform with the larger work, price 21, 10a, or in a 

different pattern at the same price. 

LIST or 

PLATES. 

Cast-iron girder bridge, Ashford, Rye 

Mr. Fairbaim’s hollow-girder bridge 

and Hastings Railway. 

at Blackburn. 

Details, ditto. 

Waterford and Limerick Railway truss 

Elevation and plan of truss of St. 

bridge. 

Mary’s Viaduct, Cheltenham Rail- 

Hollow-girder bridge over the River 

way. 

Mediock. 

Iron road bridge over the Railway at 

Railway bridge over bguuea of 


Chalk Farm. ^ Venice. 
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BRIDGES OF STONE, &C. 


Viaduct at Beangency, Orleans and 
Tours Railway. 

Oblique cast-iron bridge, on the system 
of M. Polonceau, over the Canal St. 
Denis. 

Blackw'all Extension Railway, Com- 
mercial Road bridge. 

Ditto, enlarged elevation of outside 
girders, with details. 

Ditto, details. 

Ditto, ditto, and sections. 

Ditto, ditto, ditto. 

Richmond and "Windsor main line, 
bridge over the Thames. 

Ditto, details. 

Ditto, ditto, and sections. 

Orleans and Bordeaux Railway bridge. 

Ditto, sections and details. 

Rouen and Havre Railway timber bridge. 

Ditto, details. 

Ditto, ditto, and sections. 

Viaduct of the Valley of Malaunccy, 
near Rouen. 

Hoop-iron suspension bridge over the 
Seine at Suresne, department de la 
Seine. 

Hoop-iron suspension foot bridge at 
Ahainville. 

Suspension bridge over the Douro, iron 
wire suspension cables. 

Ditto, details. 

Glasgow and South-Western Railway 
bridge over the water of Ayr. 

Ditto, sections and details. 

Plan of the cities of Ofen and Pesth. 

Sections and soundings of the River 
Danube. 

Longitudinal section of framing. 

No. 1 cotfer-dam. 

Transverse framing of coffer-dam. 

Sections of Nos. 2 and 3 of coffer-dam. 

Plan of No. 3 coffer-dam and ice- 
breakers. 

Plan and elevation of the construction 
of the scaffolding, and the manner of 
hoisting the chains. 


Line of soundings, — dam longitudinal 
sections. 

Dam sections. 

Plan and elevation of the Pesth suspen- 
sion bridge. 

Elevation of Nos. 2 and 3 coffer-dams. 

End view of ditto. 

Transverse section of No. 2 ditto. 

Transverse section of coffer-dam, plan 
of the 1st course, and No. 3 pier. 

Vertical section of Nos. 2 and 3 piers, 
showing vertical bond-stones. 

Vertical cross section of ditto. 

Front elevation of Nos. 2 and 3 piers. 

End elevation of ditto. 

Details of chaj^s. Ditto. 

Ditto and plan of nut, bolt, andretain- 
ing-links. 

Plan and elevation of roller-frames. 

Elevation and section of main blocks 
for raising the chains. 

Ditto, longitudinal section of fixture 
pier, showing tunnel for chains. 

Ph.n and elevation of retaining-plates, 
showing machine for boring holes for 
rctaimng-bars. 

Retaining link and bar. 

Longitudinal plan and elevation of cast- 
iron beam with truss columns. 

Longitudinal elevation and section of 
trussing, &c. 

Plan of j)ier at level of footpath. 

Detail of cantilevers for supporting the 
balconies round the towers. 

Elevation and section of cantilevere. 

Detail of key-stone & Hungarian arms. 

Front elevation of toll-houses and wing 
walls. 

Longitudinal elevation of toll-house, 
fixture pier, wing wall, and pedestaL 

Vertical section of retaining-piers. 

Section at end of fixture pier, showing 
chain-holes. 

Lamp and pedestal at entrance of 
bridge. 

Lamp and pedestal at end of wing walls. 


Separately sold from the above in a volume, price half-bound in morocco JSl. 12#. 

An ACCOUNT, with Illustrations, of the SUSPENSION 
BRIDGE ACROSS the RIVER DANUBE, 

BY WILLIAM TIERNEY CLARK, C.E.. F.R.S. 

ff'i/A Forty Enyravinyt* 
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OKBAT EXHIBITION BVlIiDlNa. 

The BUILDING erected in HYDE PARK for the 
GREAT EXHIBITION of the WORKS of 
INDUSTRY of ALL NATIONS, 1851: 

Illustrated by 28 large folding Plates, embracing plans, elevations, sections, and 
details, laid down to a large scale from the working drawings of the Contractors, 
Messrs. Fox, Henderson, and Co., by Charles Downes, Architect; with a 
scientific description by Charles Cowper, C.E. 

In 4 Parts, royal quarto, now complete, price Xl. 10«., 
or in cloth boards, lettered, price £1. 11s. Gd. 

This work has every measured detail so thoroughly made out as to enable 
ihe Engineer or Architect to erect a construction of a similar nature, either more 
or less extensive. 


SIR JOHN RENNIE’S WORK 


ON THE 

THEORY, FORMATION, AND CONSTRUCTION, 
OF BRITISH AND FOREIGN HARBOURS. 

Copious explanatory text, illustrated by numerous examples, 2 Vols., very neat 
in half'inorocco, £18 

The history of the most ancient maritime nations affords con- 
clusive evidence of the importance which they attaclied to the 
construction of secure and extensive Harbours, as indispensably 
necessary to the extension of commerce and navigation, and to the 
successful establishment of colonies in distant parts of the globe. 

To this important subject, and more especially with reference to 
the vast extension of our commerce with foreign nations, the atten- 
tion of the British Government has of late years been worthily 
directed; and as this may be reasonably expected to enhance the 
value of any information which may add to our existing stock of 
knowledge in a department of Civil Engineering as yet but imperfectly 
understood, its contribution at the present time may become generally 
useful to the Engineering Profession. 

The Plates are executed by the best mechanical Engravers ; the Views finely 
engraved under the direction of Mr. Pye: all the Engineering Plates nave dimen^ 
sious, with every explanatory detail for professional use. 
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In octavo, cloth boards, price 9a. 

HYDRAULIC rORMULJS. CO-EFFICIENTS. 
AND TABLES, 

For finding the Discharge of Water from Orifices, Notches, Weirs, 
Short Tubes, Diaphragms, Mouth-pieces, Pipes, Drains, Streams, 
and Hivers. 

BY JOHN NEVnXE, 

ARCHITECT AND C. E., MEMBER ROYAL IRISH ACADEMY, MEMBER INST. C. K. 
IRELAND, MEMBER GEOLOGICAL bOC. IRELAND, COUNTY SURVEYOR OF 
LOUTH, AND OP THE COUNTY OF THE TOWN OF DROGHEDA. 

This work contains above 150 different hydraulic formulae (the 
Continental ones reduced to English measures), and the most ex- 
tensive and accurate Tables yet published for finding the mean 
velocity of discharge from triangular, quadrilateral, and circular 
orifices, pipes, and rivers ; with experimental results and co- 
efficients ; — effects of friction; of the velocity of approach; and of 
curves, bends, contractions, and expansions; — the best form of 
channel; — the drainage effects of long and short weirs, 
AND WEIR-BASINS; — cxtent of back-watcr from weirs; contracted 
channels; — catchment basins; — hydrostatic and hydraulic pres- 
sure ; — water-power, &c. 


TREDGOLD ON THE STEAM ENGINE. 

Published in 74 Parts, price 2s. 6d. each, in 4 to, illustrated by very numerous 
engravings and wood-cuts, a new and much extended edition, now complete in 
3 vols. bound in 4, in elegant half-morocco, price Nine Guineas and a Half. 

THE STEAM ENGINE, 

IN ITS PROGRESSIVE AND PRESENT STATE OF IMPROVEMENT; 

Practically and ampljr elucidating, in every detail, its modifications 
fmd applications, its duties and consumption of fuel, with an 
investigation of its principles and the proportions of its parts for 
efficiency and strength; including examples of British and American 
recently constructed engines, with details, drawn to a large scale. 

The well-known and highly appreciated Treatise, Mr. Tredgold’s 
national Work on the Steam Engine, founded on scientific principles 
and compiled from the practice of the best makers — showing also 
easy rules for construction, and for the calculation of its power in 
all cases — has commanded a most extensive sale in the several 
English editions, and in Translations on the Continent. These 
editions being now out ofjprint, the proprietor has been induced to 



10 


JOHN WEALE^S 


TREDGOLD ON THE STEAM ENGINE. 

enlarge and extend the present edition by practical examples of all 
kinds^ with the most recent improvements in the construction and 
practical operations of the steam engine both at home and abroad. 

The work is divided into the sections named below, either of 
which may be purchased separately : working engineers will be 
thus enabled to select those portions which more especially apply to 
the objects upon which they may be respectively employed. 

Several scientific men, extensively and practically employed, have 
contributed original and really practical papers of the utmost utility ; 
by which the value of this extended edition is much increased. A 
copious Index for reference is added. 

Division A. Locomotive Engines, 41 plates and 55 wood-cuts, complete, making 
Vol. I. In half-morocco binding, price £2. 12s. Cd. 

Division B. Marine Engines, British and American, numerous plates and wood- 
cuts, making Vol. II. ; bound in 2 vola. half-morocco, price £3. 13a. Gd. 

Division C to G. making Vol. III., and completing the work, comprising 
Stationary Engines, Pumping Engines, Engines for Mills, and several examples 
of Boilers employed in the British Steam Navy; in half-morocco, price 
£3. I3a. Gd. 

LIST OF PLATES. 


DIVISION A. — LOCOMOTIVE ENGINES. 


Elevation of the 8-wheeled locomotive 
engine and tender, the laoN Duke, 
on the Great Western Railway. 

Txingitudinal section of ditto. 

Plan, ditto. 

Transverse sections, ditto. 

Details of ditto: transverse section 
through working gear, transverse 
section and end view of tender ; plan 
and section of feed-pump ; plan and 
elevation of hand-pump; details of 
inside framing, centre axle, driving 
axle-box, regulation-valve, centre- 
beam stay, &c. 

Elevation of Crampton’s patent loco- 
motive engine and tender. 

Longitudinal section of ditto. 

Plan of ditto. 

Transverse sections of ditto. 

Elevation of the Pyracmon 6-wheeled 
gooH^’ engine on the Great Western 
Railway. 

Half-plan of the working gear of ditto. 

Elevation of a portion of the working 
gear of ditto. 

Diagrams, by J. Sewell, L.E., of re- 
sistances per ton of the train ; and 
portion of engines of the clasi of the 


Great Britain locomotive, includ- 
ing tender, with various loads and at 
various veloeities ; also of the ad- 
ditional resistance in tbs. per ton of 
the train, when the engine is loaded, 
to be added to the resistance per ton 
of the engine and tender when un- 
loaded. 

Side and front elevation of an express 
carriage engine, introduced on the 
Eastern Counties Railway by James 
Samuel, C.E., Resident Engineer. 

Longitudinal and cross section of ditto. 

Plan of ditto ; with plan and section of 
cylinders, details and sections, piston 
full size. 

Elevation of the outside-cylinder tank 
engine made by Sharpe Brothers de 
Co., of Manchester, for the Man- 
chester and Birmingham Railway. 

Section of cylinder and other partSi 
and part elevation of ditto. 

Longitudinal section of ditto. 

Plan of ditto. 

Transverse sections of both ends, with 
sectional parts. 

Mr. Edward Woods’ experiments on the 
several sections of old and modem 
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valves of locomotive engines, — viz. 
fig. 1. stroke commences; fig. 2, 
steam-port open ; fig. 3, steam-port 
oj>cn ; fig. 4, steam-i>ort open ; fig. 5, 
stroke completed, steam cut off, 
exhaustion commences ; fig. G, stroke 
commences; fig. 7, steam-port full 
open ; fig. 8, steam cut off ; fig. 9, 
exhaustion commences; fig. 10, steam 
completed. 

Ditto, dra>^ n and engraved to half-size : 
fig. 1, old valve, ^-inch lap; fig. 2, 
I -inch lap; fig. 3, f-inch lap; fig. 4, 
^-inch lap, Gray’s patent; fig. 5, 
1-inch lap. 

Elevation of a six-wheeled locomotive 
engine and tender. No. 15, con- 
structed by Messrs- Tayleur, Vulcan 
Foundry, Warrington, for the Cale- 
donian Railway. 

Longitudinal section of ditto. 

Plan of engine and tender, with 

cylindrical part of boiler removed. 

Elevations of fire-box, section of fire- 
box, section of smoke-box, of ditto. 

Elevations and sectional parts of ditto. 

Sectional parts, half-plan of working 
gear, ditto. 

Elevation of Messrs. Robert Stephenson 


and Co.’s six-wheeled patent loco- 
motive engine and tender. 

Longitudinal section of ditto. 

Plan and details of Stephenson’s patent 
engine. 

Section of fire-box, section of smoke- 
box, front and back elevations of the 
same. 

Plan of a six-wheeled engine on the 
Birmingham and Shrewsbury Rail- 
way, constructed by Messrs. Bury, 
Curtis, and Kennedy, LiverpooL 

Longitudinal section of ditto. 

Sectional elevation of the smoke-box, Sc 

Sectional elevation of the fire-box of 
ditto. 

Elevation of the locomotive engine and 
tender, Plxws, adapted for high 
speeds, constructed by Messrs. R. & 
W. Hawthorn, of Newcastle-upon- 
Tyne, for the York, Newcastle, and 
Bei-wick Railway Company. 

Longitudinal section of ditto. This 
section is through the fire-box, boiler, 
and smoke-box, showing the tubes, 
safety-valve, wliistles, steam and blast 
pipes, &c. 

Plan of ditto. 

Plan of the working gear, details, &c. 


Forty-one plates and jifty-Jive wood engravings. 


DIVISION B. MARINE ENGINES. &C. 


Two plates, comprising figures 1, 2, 
and 3, Properties of Steam. 

Plan of n. M. screw steam frigate 
Dauntless, constructed by Robert 
Napier, Esq. 

Longitudinal elevation and transverse 
section of ditto. 

Longitudinal section at A B on plan, 
longitudinal section at C D on plan 
of ^tto. 

Engines of IL M. steam ship Tebriblb, 
constructed by Messrs. Maudslay, 
Sons, and Field, on the double- 
cylinder principle. Longitudinal sec- 
tions of engines. 

Transverse section and end view of ditto. 

Transverse section through boilers of 
ditto. * 

Plan of engines, showing also hunkers, 
paddles, &c. 


OscUlating engines of the Peninsular 
and Oriental Company’s steam vessel 
Ariel, constructed by John Pena 
and Sons. Longitudinal section. 

Section at engines of ditto. 

Section at boiler of ditto. 

Plan at boiler of ditto. 

Section at air-pump, and at cylinder. 

Annular c> Under engines of the iron 
steam vessels Princess Mart and 
Princess Maude, constructed by 
Maudslay, Sons, and Field. Longi- 
tudinal section. 

Transverse section at engines of ditto* 

Section at boilers of ditto. 

Plan of engines of ^tto, lowing 
bunkers, paddles, &c. 

Plan of engines of H. M. steam vessel 
Simoom, constructed by James Watt 
& Co., of London and Soho. 


5 
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Longitudinal section of the Simoom. 

Cross section of ditto. 

Engine of the Red Rover, side view 
and plan. 

Longitudinal section of ditto. 

Cross sections of ditto. 

Sheer draught and plans of vessel. 

Plan of the engine of H. M. steam frigate 
Ph<enix. 

Longitudinal section of engine of ditto. 

Cross section of ditto. 

Engine of the Ruby steam vessel, ele- 
vation and plan. 

Sheer draught and plan of vessel. 

Plan of engine of the Wilberfobcb, 
Hull and London packet. 

Cross section of ditto and vessel. 

Ixmgitudinal section of engines of ditto. 

Elevation of engines of ditto. 

Engines of the Berenice, Hon. E. I. 
Co.*8 steam vessel. 

Section of ditto. 

Sheer draught and plan, stem view, 
and liody plan of vessel. 

View of the Berenice, whilst at sea. 

Boilers of H. M. ships Hermes, Spit- 
fire, and Firefly. 

Kingston's valves, as fitted on lioard 
aea-going vessels for blow-off injec- 
tion, and hand-pump sea valves. 

Boilers of H. M. steam vessel African. 

Morgan's paddle-wheels, as fitted in 
H.M.S. Medea. 

Side elevation of ditto. 

Plans of upper and lower decks of 
ditto. 

Sheer draught and profile of ditto. 

Morgan and Seaward's paddle-wheels, 
comparatively. 

Positions of a float of a radiating pad- 
dle-wheel in a vessel in motion, and 
positions of a float of a vertically 
acting wheel in a vessel in motion. 

CycloidM paddle-wheels. 

Sailing of steamers in five points from 
courses. 

Experimental steaming and sailing of 
the Caledonia, Vanguard, Asia, 
and Medea. 

Engines of H. M. steam ship Mbocra. 

Engine of the steam boat New World, 


T. F. Secor & Co., Engineers, New 
York. Elevation and section. 

Elevations of cylinder and crank ends. 

Steam cylinders, plans, and sections. 

Details. 

Saveral sections of details. 

Details and sections. 

Details of parts. 

Plans and sections of condenser, bed- 
plates, air-pump bucket, &c. 

Details and sections, injection valves. 

Details, plan and elevation of beams, 
&c. 

Details, sections of parts, boilers, &c. 
of the steam boat New World. 

Sections, details, and paddles. 

Engines of the U. S. mail steamers Ohio 
and Georgia. Longitudinal section. 

Elevations and cross sections of ditto. 

Details of steam -chests, side-pipes, 
valves, and valve gear of ditto. 

Section of valves, and plan of piston of 
ditto. 

Boilers of ditto, sections of ditto. 

Engine of the U. S. steamer Water- 
Witch. Sectional elevation. 

Stoam-chests and cylinders of ditto. 

Boilers, sections, &c. of ditto. 

Boilers of the U.S. steamer Powhatan. 

Front view and sections of ditto. 

Elevation of the Pittsburg and Cin- 
cinnati American packet Buckeye 
State. 

Bow view, stem view. 

Plan of the Buckeye State. 

Model, &c. of ditto, wheel-house frame, 
cross section at wheel-house, and 
body plan. 

Plan and side elevation of ditto. 

Sheer draught and plan, with tiie body 
plan, of the U. S. steam frigate 
Saranac. 

Longitudinal section of ditto, cross sec- 
tion. 

Engines of the U. S. steamer Susaus- 

HANNA. 

Elevation of the U. S. Pacific steam 
packet engine. 

Plan of ditto. 

Boilers of ditto, end views. 

Ditto ditto. 


tngrtnm^ tmd vmd^cui%* 
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DIVISION C. TO G., 

STATIONARY ENGINES, PUMPING 

Side elevation of pumping engine^ U. S. 
dock, New York. 

End elevation of ditto. 

Elevation and section of the pumps, 
ditto. — 2 plates. 

Boilers of pumping engines, ditto. 

Boilers, Details, &c. of pumping engines, 
ditto. 

Plan of the boilers, ditto. 

Isometrical projection of a rectangular 
lioiler. 

Plan and tvro sections of a cylindrical 
boiler. 

Brunton’s apparatus for feeding furnace* 
fires by means of machinery. 

Parts of a high-pressure engine with a 
4 -passaged cock. 

Section of a double-acting condensing 
engine. 

Section of a common atmospheric en- 
gine. 

On the construction of pistons. 

Section of steam pipes and valves. 

Apparatus for opening and closing steam 
passages. 

Parallel motions. — 2 plates. 

Plan and elevation of an atmospheric 
engine. 

Elevation of a single-acting Boulton 
and Watt engine. 

Double-acting engine for rsdsing water. 

Double-acting engine for impelling 
macliincry. 

Maudslay's portable condensing engine 
for impelling machinery. 

Indicator for measuring the force of 
steam in the cylinder, and diagrams 
of forms of vessels. 

Section of a steam vessel with its boiler, 
in two parts — diagrams showing fire- 
places —longitudinal section through 
boiler and fire-places. 

Isometrical projection of a steam-boat 
engine. 

Plan and section of a steam-boat engine. 

Ten horse-power engine, constructed 
by W. Fairbaim and Co. — 4 plates. 

Forty-five horse-power engine, con- 
structed by W. Fairbaim & Co. — 
3 plates. 

Flan and section of boiler for a 20-hor8e 


FORMING VOL. III. 

ENGINES, MARINE BOILERS, &C. 
engine, at the manufactory of Whit- 
worth & Co., Manchester. 

Messrs. Hague’s double-acting cylinder, 
w'lth slides, &c. 

Sixty-five-inch cylinder, erected by 
Maudslay, Sons, and Field, at the 
Chelsea VVater-works. — 5 plates. 

Beale’s patented rotary engine. 

Double-story boilers of H.M.S. Devas- 
tation, 400 11. P. 

Refrigerator feed and brine pumns. 

Feed and brine apparatus, as fitted on 
board the West India Royal Mail 
Company's ships. 

Boilers of II. M. steam sloop Basilisk, 
400 11. P. 

Boilers of the Singapore, 470 H. P., 
Peninsular and Oriental Company. 

Original double-story boilers of the 
Great W'estebn. 

Telescopic chimney, or sliding funne*, 
of II. .\I. ship Hydra, 220 H. P. 

Seaward's patent brine and feed va!ves. 

Boilers of II. M. mail packet Undink, 
(Miller, Ravenhill, & Co.) 100 H.P. 

Cross sections of engines of 11. M. mail 
packet Undine. 

Longitudinal elevation of ditto. 

Bnne-pumps as fitted on board H.M.S. 
Medea, 220 H. P. (Maudslay, Sons, 
and Field.) 

Boilers of H.M. S. Hydra, 220 H.P. 

Plan of the four boilers, with the sup- 
plementary steam-chests aud shut-ofiT 
valves, of the Avenger. 

Boilers of H. M. steam ship Niger, 400 
H. P., fitted by Maudslay, Sons, and 
Field. 

Experimental boiler, Woolwich Yard. 

Boilers of H. M. S. Terrible, 800 H.P. 
(Maudslay, Sons, and Field.) 

Boilers of the Mink and Teaser, 100 
H. P, (transferred to Wasp.) 

Boilers of the Samsjn, 450 H.P. 

Daniel’s pyrometer, full size. 

Boilers of the Desperate, 400 H. P. 
(Maudslay, Sous, and Field.) 

Boilers of the Niger (2nd plate). 

Boilers of H.M.S. Basilisk (2nd 
plate). 

Boilers of the Undinb. 
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Boilers of the Royal Mail steam ships 
Asia and Africa, 768 II. P., con- 
structed by R. Napier, Glasgow. 

Longitudinal and midsliip sections of 
ditto. 

Boilers of II.M.S. La Hogue, 450 H.P. 
(Seaward & Co.) 

H.M.S. SiDON, 560 H.P. Plan of 
telescope funnel. 

Boilers of H. M. S. Brisk, 250 H. P. 

Ck>pper boilers for H. M. S. Sans- 
FAREiL, 350 H.P. (James Wait & 
Co.'. 

Amexican marine boilers, designed and 
exnutcd by C. W. Copeland, Esq., 
of New York, as fitted on board the 
American packets. 

Midship section of the hull of the steam 
packet Pacific, New York and 
Liverpool line. 

Elevation of pumping engines of the 
New Orleans M’ater-works, U. S., ar- 
ranged and drawn by E- W. Smith, 
Engineer, constructed at the Allaire 
Works, New York. 

Elevation of pumps and valves, chests, 
geariny , &c. 

Elevation at steam cylinder end. 

General plan of a turbine water-wheel 
in operation at Lowell, Massachusets, 
U. S-, by J. B. Francis, C. E. 

Elevation of ditto. Section of ditto. 

plan of the floats and guide curves, 
ditto. 


Large self-acting surfacing and screw- 
propeller lathe, by Joseph Wliitworth 
& Co., Manchester. 

Longitudinal section, showing arrange- 
ment of engine-room for disc engine 
applied to a screw propeller, and 
Bishop’s disc engine, by G. & J. 
Rennie, with details. 

Arrangement of engine-room forengines 
of 60 horse-power, for driving pro- 
pellers of II. M. steam vessels Rey- 
nard and Cruiser, constructed by 
Messrs. Rennie. Longitudinal sec- 
tion and engine-room. 

Ditto. Transverse section at boilers 
and at engines. 

Very elaborate diagrams showing ex- 
periments and results of various pad- 
dle-wheels. — 8 plates. 

Steam flour-mills at Smyrna, con- 
structed by Messrs. Joyce & Co. 
Double cylinder pendulous condens- 
ing engine, side elevation. 

Side elevation, horizontal plan, ditto. 

Longitudinal section. 

Horizontal plan of mill-house and 
boilers. 

Transverse section through engine- 
house and mill. 

Boilers, longitudinal and transverse 
sections, front view. 

Section through mill-stoncs, elevation 
of upper part, section of lower part, 
plan of hopper, &c. 


SUMMARY OF THE ILLUSTRATIONS. 


Vol. I. 

Locomotive Engines ..... 

Plates. 

41 

Wood -cuts, 
55 

11. 

Marine Engines 

85 

51 

111. 

Stationary Engines, Pumping Engines, Engines 
for Flour-Mills, Examples of Boilers, &c., &c. . 

100 

58 


Total • • 

226 

164 


FULL-LENGTH PORTRAIT OF 

HENRY CAVENDISH, F.R.S. 

Some few India paper proofs, before the letters, of this celebrated 
Philosopher and Chemist, to he had, price 2s, 6d, 
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HINTS 

, TO 

YOUNG ARCHITECTS: 

COMPRISINQ 

ADVICE TO THOSE WHO. WHILE YET AT SCHOOL AEE DESTINED 
TO THE PROFESSION; 

TO SUCH AS, HAVING PASSED THEIR PUPILAGE, ARE ABOUT TO TRAVEL 

AND TO THOSE WHO, HAVING COMPLETED THEIR EDUCATION, 

ARE ABOUT TO PRACTISE: 

TOaETHEB WITH 

A MODEL SPECIFICATION: 

INVOLVING A GREAT VARIETY OP INSTRUCTIVE AND SUGGESTIVE MATTER, 
GAIXJULATED TO FACILITATE THEIR PRACTICAL OPERATIONS ; 

AND TO DIRECT THEM IN THEIR CONDUCT, AS THE RESPONSIBLE 
AGENTS OP THEIR EMPLOYERS, 

AND AS THE RIGHTFUL JUDGES OF A CONTRACTOR’S BUTT. 

By GEOEGE WIGHTWIGK, Architect. 


CONTENTS : — 


Preliminary Hints to Young Archi- 
tects on the Knowledge of 
Drawing. 

On Serving his Time. 

On Travelling. 

His Plate on the Door. 

Orders, Plan-drawing. 

On his Taste, Study of Interiors. 
Interior Arrangements. 

Warming and Ventilating. 

House Building, Stabling. 

Cottages and Villas. 

Model Specification > 

General Clauses. 

Foundations. 

Well. 

Artificial Foundations. 
Brickwork. 

Rubble Masonry with Brick 
llingled. 


Model Specification : 

Stone-cutting. 

— , Grecian or Italian only. 

, Gothic only. 
Miscellaneous. 

Slating. 

Tiling. 

Plaster and Cement- work. 
Carpenters* Work. 

Joiners* Work. 

Iron and Metal- work. 

Plumbers* Work. 

Drainage. 

Well-digging. 

Artificial Levels, ConeretOi 
Foundations, Piling and 
Planking, Paving, Vaulting, 
Bell-hanging, Plumbing, and 
Building generally. 


ICviva doth boards, nriee 8<. 
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THE ENGINEER’S AND CONTRACTOR’S 
POCKET BOOK, 

WITH AN ASTRONOMICAL ALMANACK, 

REVISED FOR 1855-6. In morocco tuck, price 6«. 

CONTENTS. 


Air, Air in motion (or mind), and wind- 
mills. 

Alloys for bronze ; Miscellaneous alloys 
and compositions ; Table of alloys ; 
Alloys of copper and zinc, and of 
copper and tin. 

Almanack for 1855 and 1836. 

American railroad& ; steam vessels. 

Areas of the segments of a circle. 

Armstrong (R.), his experiment on 
boilers. 

Astronomical phenomena. 

Ballasting. 

Barlow's (Mr.) experiments. 

Barrel drains and culverts. 

Bell-hanger’s prices. 

Blowing a blast engine. 

Boilers and engines, proportions of ; 
Furnaces and chimneys ; Marine. 

Bossut's expenments on the discharge 
of water by horizontal conduit or 
conducting pipes. 

Brass, weight of a Uneal foot of, round 
and square. 

Breen (Hugh), his almanack. 

Bricks. 

Bridges and viaducts ; Bridges of brick 
and stone; Iron bridges; Timber 
bridges. 

Burt’s (Mr.) agency for the sale of pre- 
served timber. 

Cask and malt gauging. 

Cast-iron binders or joints; Columns, 
formulas of; Columns or cylinders, 
Table of diameter of; Hollow co- 
lumns, Table of the diameters and 
thickness of metal of ; Girders, prices 
of; Stancheons, Table of, strength 
of. 

Chairs, tables, weights, &c. 

Chatburn limestone. 

Chimneys, Ac., dimensions of. 

Circumferences, Ac. of circles. 

Coal, evaporating power of, and results 
of coking. 

Columns, cast-iron, weight or pressure 
of, strength of. 


Comparative values between the pre< 
sent and former measures of capacity. 

Continuous bearing. 

Copper pipes, Table of the weight of, 
Table of the bore and weight of cocks 
for. 

Copper, w'cight of a lineal foot of, round 
and square. 

Cornish pumping engines. 

Cotton mill ; Cotton jiress. 

Current coin of the principal commercial 
countries, with their weight and re- 
lative value in British money. 

Digging, wcll-sinking, Ac. 

Bocks, dry, at Greenock. 

Draining by steam power. 

Dredging machinery. 

Dwarf, Table of e,xperiraents with 
H.M. screw' steam tender. 

Earthwork and embankments, Tables 
of contents, Ac. 

Experiments on rectangular bars of 
malleable iron, by Mr. Barlow; ou 
angle and T iron bars. 

Fairbairn i,Wm.), on the expansive 
action of steam, and a new construc- 
tion of expansion valves for condens- 
ing steam engines. 

Feet reduced to links and decimals. 

Fire-proof flooring. 

Flour-mills. 

Fluids in motion. 

Francis (J. B., of Lowell, Massachusets), 
his water-wheel. 

French measures. 

Friction. 

Fuel, boilers, furnaces, Ac. 

Furnaces and boilers. 

Galvanized tin iron sheets in London 
or Liverpool, list of gauges and 
weights of. 

Gas-tubing composition. 

Glynn (Joseph), F. R. S., on turbine 
water-wheels. 

Ilawksby (Mr., of Nottingham), hie 
experiments on pumping water. 

Heat, Tables of the eifects oL 
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Hexagon heads and nuts for bolts, pro- 
portional sizes and weights of. 

Hick's rule for calculating the strength 
of shafts. 

llodgkinson’s (Eaton) experiments. 

Hungerford Bridge. 

Hydraulics. 

Hydrodynamics. 

Hydrostatic press. 

Hydrostatics. 

Imperial standard measures of Great 
Britain; Iron. 

Indian Navy, ships of war, and other 
vessels. 

Institution of Civil Engineers, List of 
Members of the, corrected to March 
15, 1852. 

Iron balls, weight of cast ; bars, angle 
and T, weight of ; castings; experi- 
ments ; hoop, weight of 10 hneal 
feet; lock gates; roofs; tubes for 
locomotive and manne boilers; 
weights of rolled iron. 

Ironmonger’s prices. 

Just’s analysis of Mr. Dixon Kobi%son’s 
limestone. 

Latitudes and longitudes of the principal 

*■ observatories. 

Lead pipes, Table of the weights of, 
eslie (J.), C.E. 

ime, mortar, cements, concrete, &c. 

Limestone, analysis of. 

Liquids in motion. 

Locomotive engines; Table showing 
the i^ecd of an engine. 

Log for a sea-going steamer, form of. 

Machines and tools, prices of. 

Mahogany, experiments made on the 
strength of llonduras. [wheels. 

Mallet’s experiments on overshot 

Marine boilers ; engines. 

Masonry and stone-work. 

Massachusets railroads. 

Mensuration, epitome of. 

Metals, lineal expansion of. 

Morin's (Col.) experiments. 

Motion ; motion of water in rivers. 

Nails, weight and length. 

Navies — of the United States ; Indian 
Navy ; Oriental and Peninsular Com- 

, pany; British Navy; of Austria; 
Denmark; Naples; Spain; France; 
Germanic Confederation; Holland; 
Portugal; Prussia; Sardinia; Swe^ 


den and Norway; Turkey; Russia 
Royal West India Mail Company’s 
fleet. 

New York, State of, railroads. 

Numbers, Table of the fourth and fifth 
power of. 

Paddle-wheel steamers. 

Pambour (Count de) and Mr. Parkes' 
experiments on boilers for the pro- 
duction of steam. 

Peacocke's (R. A.) hydraulic experi- 
ments. 

Pile-driving. 

Pitch of wheels. Table to find the dia- 
meter of a wheel for a given pitch of 
teeth. 

Plastering. 

Playfair (Dr. Lyon). 

Preserved timber. 

Prices for railways, paid by H. M. 
Office of Works ; smith and founder’s 
work. 

Prony’s experiments. 

Proportions of steam engines and boil- 
ers. 

Pumping engines; pumping water by 
steam power. 

Rails, chairs, &c., Tabic of. 

Railway, American, statistics; railw'ay 
and budding contractor’s prices ; car- 
riages. 

Rain, Tables of. 

Ramiiiell’s (T. W.) plan and estimate 
for a distributing apparatus by fixed 
pipes and hydrants. 

Rennie’s (Mr. Geo.) experiments ; (the 
late J.) estimate. 

Roads, experiments upon carriages tra- 
velling on ordinary roads ; influence 
of the diameter of the wheels ; 
Morin’s experiments on the traction 
of carriages, and the destructive ef- 
fects which they produce upon roads. 

Robinson (Dixon), his experiments and 
material. 

Roofs ; covering of roofs. 

Ropes, Morin’s recent experiments on 
the stiffness of ropes ; tarred ropes ; 
dry white ropes. 

Saw-mill. 

Screw steamers. 

Sewage manures. 

Sewersi^ castings for* their estimates, 

&C. 
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Signs and abbreviations used in arith> 
metic and mathematical expressions. 

Slating. 

Sleepers, quantity in cubic feet, Ac. 

Smeaton's experiments on wind-mills. 

Smith and founder’s prices. 

Specific gravity, Table of. 

Steam dredging; Navigation; Tables 
of the elastic force ; Table of Vessels 
of war, of America ; of England ; of 
India ; and of several other maritime 
nations. 

Steel, weight of round steel. 

Stone, per lb., stone, qr., cwt., and ton, 
&c.. Table of the jirice. 

Stones. 

Strength of columns ; Materials of con- 
struction^ 

Sugar-mill. 

Susi>ension aqueduct over the Alleghany 
River; Bndges over ditto. 

Table of experiments with H. M. screw 
steam tender Dw'arf ; of gradients ; 
iron roofs; latent heats; jiaddle- 
whcel steamers of H. M. Service and 
Post-Office Service ; pressure of the 
wind moving at given velocities; 
prices of galvani'/x*d tinned iron 
tube; specific heats; the cohesive 
power of liodies ; columns, posts, &c., 
of timber and iron ; the comparative 
strength, size, weight, and price of 
iron-wiie rope (A. Smith’s), hempen 
rope, and iron chain ; corresponding 
velocities with heads of water as 
high as 50 ft., in feet and decimals ; 
dimensions of the principal parts of 
marine engines; effects of heat on 
different metals ; elastic force of 
steam ; expansion and density of 
water; expansion of solids by in- 
creasing the temperature ; expan- 
sion of water by heat ; heights cor- 
responding to different velocities, in 
French metres; lineal expansion of 
metals ; motion of water, and quan- 
tities discharged by pipes of dif- 
ferent diameters; power of metals, 
Ac.; pressure, &c., of wind-mill tails; 
principal dimensions of 28 merchant 
steamers with screw propellers; of 
steamers with paddle-wheels; pro- 

>. dilatatinn nf rriAtAU hv hpnf 


discharge through thin-lipped ori- 
fices; quantities of water, in cubic 
feet, discharged over a W'cir ]>cr 
minute, hour, Ac.; relative weight 
and strength of ropes and chains ; 
results of experiments on the friction 
of unctuous surfaces ; scantlings of 
posts of oak ; size and weight of iron 
laths; weight in tbs. required to crush 
11-inch cubes of stone, and other 
bodies; weight of a lineal foot of 
cast-iron pipes, in tbs. ; weight of a 
lineal foot of flat bar iron, in tbs. ; 
weight of a lineal foot of square and 
round bar iron ; weight of a super- 
ficial foot of various metals, in tbs. ; 
weight of modules of elasticity of 
various metals ; velocities of paddle- 
wheels of different diameters, iii feet 
per minute, and British statute miles, 
per hour ; the dimensions, cost, and 
}«rice per cubic yard, of ten of the 
principal bridges or \iaducts built 
for railways ; the height of the boil- 
ing point at different heights; — to 
find the diameter of a wheel for a 
given pitch of teeth, &c. 

Tables of squares, cubes, square aniF* 
cube roots. 

Teeth of wheels. 

Temperature, the relative indications of, 
by different thermometers. 

Tliermometers, Tabic of comparison of 
different. 

Timber for carpentry and joindiy pur- 
poses; Table of the properties of 
different kinds of. 

Tin plates, Table of the weight of. 

Tools and machines, prices of. 

Traction, Morin’s experiments on. 

Trcdgold’g Rules for Hydraulics, from 
Eytelwein’s Equation. 

Turbines, Report on, by Joseph Glynn 
and others. 

Values of different materials. 

Water-wheels. 

Watson’s (H. II.) analysis of limestone 
from the quarries at Chatburn. 

Weight of angle and T iron bars; of 
woods. 

Weights and measures. ^ 

West India Royal Mail Company. 

Whitelftw^ft AVTMiritnAififA nn ftirhinA 
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White’s (Mr., of Cowes) experiments 
^on Honduras mahogany. 

Wicksteed’s (Thos.) experiments on 
the evaporating power of different 
kinds of coal. 


Wind-mills ; of air, air in motion, &c. 
Woods. 

Wrought iron, prices of. 

Zinc as a material for use in house- 
building. 


In one Volume 8vo, extra cloth, bound, price 9s. 

THE STUDENT’S GUIDE TO THE PRACTICE 
OF DESIGNING, MEASURING, AND VALUING 
ARTIFICERS’ WORKS; 

CoDtaining Directions for taking Dimensions, abstracting the same, 
and bringing the Quantities into Bill ; with Tables of Constants, 
and co})ious memoranda for the Valuation of Labour and Materials 
in the respective trades of Bricklayer and Slater, Carpenter and 
Joiner, Sawyer, Stonemason, Plasterer, Smith and Ironmonger, 
Plumber, Painter and Glazier, Paper-hanger. Thirty-eight plates 
and wood-cuts. 

The Measuring, &c., edited by Edward Dobson, Architect and 
Surveyor. Second Edition, with the additions on Design by 
E. Lacy Garbett, Architect. 


CONTENTS. 


Preliminary Observations on De- 
signing Artificers’ Works. 

Preliminary Observations ou Mea- 
surement, Valuation, &c, — On mea- 
suring — On rotation therein — On 
abstracting quantities — On valuation 
— On the use of constants of labour. 

BRICKLAYER AND SLATER. 

Design of Brickwork — technical 
terms, &c. 

Foundations — Arches, inverted 
and erect — Window' and other aper- 
ture heads — Window jambs — Plates 
and internal cornices — String- 
courses — External cornices — Chim- 
ney shafts — On general improvement 
of brick architecture, especially fe- 
nestration. 

Measurement. 

Of diggers* work •— Of brickwork, 
of facings, &c. 

'Design of Tiling, and tecbnical terms. 

Measurement of Tiling — Example 
of the mode of keeping the measuring- 


Abstracting Bricklayers’ and Tilers' 
work. 

Example of bill of Bricklayers’ and 
Tilers’ work. 

Valuation of Bricklayers’ work, 
Earthwork, Concrete, &c. 

Table of sizes and weights of vari- 
ous articles — Tables of the numbers 
of bricks or tiles in various works--^ 
Valuation of Diggers’and Bricklayers’ 
labour — Table of Constants for said 
labour. 

Examples of Valuing. 

1. A yard of concrete. — 2. A rod 
of brickwork. — 3. A foot of facing. — 
4. A yard of paving. — 5. A square of 
tiling. 

Design, Measurement, and Valu- 
ation OF Slating. 

CARPENTER AND JOINER. 

Design of Carpentry — technical 
terms, &c. 

Brestsummers, an abuse: substi- 
tutes for them — Joists, trimmers. 
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and right use — Substitutes for girders 
and quarter-partitions — Quarter-par- 
titions — Iloof-franoiing — Great waste 
in present common modes of roof- 
framing — To determine the right 
mode of subdividing the weight, and 
the right numbers of bearers for 
leaded roofs — The same for other 
roofs — Principle of the truss — Con- 
siderations that determine its right 
pitch — Internal filling or tracery of 
trusses — Collar-beam trusses — Con- 
nection cT the parts of trusses — Vari- 
ations on the truss; right limits 
thereto — To avoid fallacious trussing 
and roof-framing — Delorme's roof- 
ing ; its economy on circular plans — 
Useful projierty of regular polygonal 
plans — On combinations of roofing, 
hips, and valleys — On gutters, their 
use and abuse — Mansarde or curb- 
roofs. 

Desigx of Joinery — technical terms, 
&c. 

Modes of finishing and decorating 
panel-work — Design of doors. 

Measuremi-nt of Carpenters’ and 
Joiners’ work — Abbreviations. 

Modes of measunng Carpenters’ 
work — Classification of labour when 
measured with the timber — Classifi- 
cation of labour and nails when mea- 
sured separately from the timber. 

Examples of Measurement, arch 
centerings. 

Bracketing to sham entablatures, 
gutters, sound - lioarding, chimney- 
grounds, sham plinths, sham pilas- 
ters, floor-boarding, mouldings — 
Doorcases, doors, doorway linings — 
Dado or surbase, its best construc- 
tion — Sashes and sash-frames (ex-* 
amples of measurement) — Shutters, 
boxings, and other window fittings 
— Staircases and their fittings. 

Abstracting Carpenters’ and Joiners’ 
work. 

Example of Bill of Carpenters’ and 
Joiners’ work. 

Vaxuation of Carpenters’ and Joiners’ 
work, Memoranda. 

Tables of numbers and weights. 

Tables of Constants of Labour. 

Boofs, naked floors — Quarter-par- 


titions — Labour on fir, per foot cube 
— Example of the valuation of deal.'fl 
or battens — Constants of labour on 
deals, per foot superficial. 

Constants of Labour, and of nails, 
separately. 

On battening, weather boarding — 
Rough boarding, deal floors, batten 
floors. 

Labour and Nails together. 

On grounds, skirtings, gutters, 
doorway-linings — Doors, framed par- 
titions, mouldings — Window-fittings 
— Shutters, sashes and frames, stair, 
cases — Staircase fittings, wall-strings 
— Dados, sham columns and pilasters* 

Valuation of Sawyers’ work. 

MASON. 

Design of Stonemasons’ work. 

Dr. Robison on Greek and Gothic 
Architecture — Great fallacy in the 
Gothic ornamentation, which led also 
to the modern ‘monkey styles’ — 

‘ Restoration ’ and Preservation. 

Measurement of Stonemason’s work. 

Example of measuring a spandnl 
step, three methods — Allowance for 
labour not seen in finished stone — 
Abbreviations — Specimen of the 
mcasunng-book — Stairs — Landings 
— Steps — Coping — String-courses — 
Plinths, window-sills, curbs — Co- 
lumns, entablatures, blockings — 
Cornices, renaissance niches. 

Abstracting and Valuation. 

Table of weight of stone — Table 
of Constants of Labour — Example 
of Bill of Masons’ work. 

PLASTERER. 

Design of Plastkr-work in real 
and mock Architecture. 

Ceilings and their uses — Unne- 
cessary disease and death traced to 
their misconstruction — Sanitary re- 
quirements for a right ceiling — Cou- 
ditions to he observed to render do- 
mestic ceilings innoxious — Ditto, for 
ceilings of public buihlings — llar- 
barous shifts necessitated by wrong 
ceiling — Technical terms in Plas- 
terers’ work. 

Measurement of Plaster-work* 
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DESIGNING, MEASURING, AND 

Abbreviations — Abstracting of 
Plasterert' work — Example of Bill 
of Plasterers’ work. 

AXUATION. 

Memoranda of quantities of ma- 
terials — Constants of Labour. 

SMITH AND FOUNDER. 

K THE UaB OF Metal-work in 
Architecture. 

Iron not rightly to be used much 
more now than in the middle ages — 
Substitutes for the present extrava- 
gant use of iron — Fire-proof (and 
sanitary) ceiling and flooring — Fire- 
proof roof-framing in brick and iron 
— Another method, applicable to 
hipped roofs — A mode of untrussed 
roof-framing in iron only — A prin- 
ciple for iron trussed roofing on any 
plan or scale — Another variation 
thereof — On the decoration of me- 
tallic architecture. 


VALUING ARTIFICERS* WORKS. 

% 

Measurement of Smiths’ and Foun- 
ders’ work. 

! PLUMBER, PAINTER, 
GLAZIER, &c. 

I Design, &c. op Lead-work. 

Measurement of Paint- work — 

I Abbreviations. 

I Specimen of the measuring-book 
— Abstract of Paint-work — Example 
of Bill of Paint-work. 

Valuation of Paint-work. 

Constants of Labour* — Measure- 
ment and Valuation of Glazing — 
Measurement and Valuation of 
Paper-hanging. 

APPENDIX ON WARMING. 

Modifications of sanitary construction 
to suit the English open fire — 
More economic modes of warming in 
public buildings — Ditto, for private 
ones — Warming by gas. 


In 12mo., price 5s. bound and lettered, 

THE OPERATIVE MECHANIC’S WORKSHOP 
COMPANION, AND THE SCIENTIFIC 
GENTLEMAN’S PRACTICAL ASSISTANT; 

!otnprising a great variety of the most useful Rules in Mechanical 
Science, divested of mathematical complexity ; with numerous 
Tables of Practical Data and Calculated Results, for facilitating 
Mechanical and Commercial Transactions. 

BY W. TEMPLETON, 

AUTHOR OF SEVERAL SCIENTIFIC WORKS. 

liird edition, with the addition of Mechanical Tables for the use 
f Operative Smiths, Millwrights, and Engineers; and practical 
irections for the Smelting of Metallic Ores. 


2 vols. 4fo, price £ 2. 16#., 

CARPENTRY AND JOINERY; 

lontaining 190 Plates ; a work suitable to Carpenters and Builders, 
comprising Elementary and Practical Carpentry, useful to Artificers 
in the Colonies* 
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JOHN WEALE^S 


THE AEDE.MEMOIRE TO THE MILITARY 
SCIENCES, 

Framed from Contributions of Officers of the different Serrices, and 
edited by a Committee of the Corps of Royal Engineers. The 
work is now completed. 

Sold in 3 vols. £ 4. 10*., extra cloth boards and lettered, or in C Parts, as follows ; 

». d. 


Part 1. 

A. to D., NEW EDITION 



. 0 

14 

0 

II. 

D. to F. 



. 0 

16 

0 

in. 

F. to M. . 



. 0 

16 

0 

IV. 

M. to P. 



. 0 

14 

0 

V. 

P. to R, 



. 0 

16 

0 

VI. 

R. to Z. • • • 



. 1 

0 

0 





£4 

16 

0 


In 1 large Volume, with numerous Tables, Engravings, and Cuts, 

A TEXT BOOK 

For Agents, Estate Agents, Stewards, and Private Gentlemen, 
generally, in connection with Valuing, Surveying, Building, 
Letting and Leasing, Setting out, disposing, and particularly 
describing all kinds of Property, whether it be Land or Personal 
Property. Useful to 

Auctioneers Assurance Companies Landed Proprietory 

Appraisers Builders Stewards ^ 

Agriculturists Civil Engineers Surveyors 

Architects Estate Agents Valuers, &c. 


In 1 vol. large 8vo, with 13 Plates, price One Guinea, in half-morocco binding, 

MATHEMATICS FOR PRACTICAL MEN: 

Being a Common -Place Book of PURE AND MIXED MATHE- 
MATICS; together with the Elementary Principles of Engineering; 
designed chiefly for the use of Civil Engineers, Architects, and 
Surveyors. 

BY OLINTHUS GREGORY, LL.D., F.R.A.S. 

Third Edition, revised and enlarged by HENRY LAW, Civil Engineer. 
CONTENTS. 

PART L — PURE MATHEMATICS. 

CHAPTBR I. ARITBMBTIC. S*CT. 

Sect. 5. Division of whole nambers. — * 

1. Dednitions and notation. Proof of the first four rules ok, 

2. Addition of whole numbers. Arithmetic. 

3. Subtraction of whole numliers. 6. Vulgar fractions. — Reduction of 

4. Multiplication of whole numbers. vulgar fractioiis.^AdditioB and 
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subtraction of vulgar fractions. 

Multiplication and division 
of vulgar fractions. 

Decimal fractions. — Reduction of 
decimals. — Addition and sub- 
traction of decimals. — Multipli- 
cation and division of decimals. 

Complex fractions used in the arts 
and commerce. — Reduction. — 
Addition. — Subtraction and 
multiplication. — Division. — 
Duodecimals. 

Powers and roots. — Evolution. 

Proportion. — Rule of Three. — De- 
termination of ratios. 

Logarithmic arithmetic. — Use of 
the Tables. — Multiplication and 
division by logarithms. — Pro- 
portion, or the Rule of Three, 
by logarithms. — Evolution and 
involution by logarithms. 

Properties of numbers. 

CnAPTER II. ALGEBRA. 

, Definitions and notation. — 2. Ad- 
dition and subtraction. — 3. Mul- 
tiplication. — 4. Division. — 5. In- 
volution. — 6. Evolution. — 7. 
Surds. — Reduction. — Addition, 
subtraction, and multiplication. 
— Division, involution, and evo- 
lution. — 8. Simple equations. — 
Extermination. — Solution of 
general problems. — 9. Quadratic 
equations. — 10. Equations in 
general. — 1 1. Progression. — 
Arithmetical progression. — Geo- 
metrical progression. — 12. Frac- 
tional and negative exponents. — 
13. Logarithms. — 14. Computa- 
tion of formulae. 

CHAPTER III. GEOMETRY. 

Definitions. — 2. Of angles, and 
right lines, and their rectangles. 

PART II.— MIXED 

lPTERI. — MECHANICS IN GENERAL. 
CHAPTER II. — STATICS. 

Statical equilibrium. 

Centre of gravity. 

General application of the princi- 


Sbct. 

— 3. Of triangles. — 4. Of qua- 
drilaterals and polygons. — 5. Of 
the circle, and inscribed and cir- 
cumscribed figures. — 6. Of plans 
and solids. — 7. Practical geo- 
metry. 

CHAPTER IV, MENSURATION. 

1. Weights and measures. — 1. Mea- 

sures of length. — 2. Measures 
of surface. — 3. Measures of so- 
lidity and capacity. — 4. Mea- 
sures of weight. — 5. Angular 
measure. — 6. Measure of time. 
— Comparison of English and 
French weights and measures. 

2. Mensuration of superficies. 

3. Mensuration of soUds. 

CHAPTER V. TRIGONOMETRY. 

1. Definitions and trigonometrical 
formulae. — 2. Trigonometrical 
Tables. — 3. General proposi- 
tions. — 4. Solution of the cases 
of plane triangles. — Right-an- 
gled plane triangles. — 5. On the 
application of trigonometry to 
measuring heights and distances. 
— Determination of heights and 
distances by approximate me- 
chanical methods. 

CHAPTER VI. CONIC SECTIONS. 

1. Definitions. — 2. Properties of the 
ellipse. — 3, Properties of the hy- 
perbola. — 4. Properties of the 
parabola. 

CHAPTER VII. PROPERTIES OF 

CURVES. 

1. Definitions. — 2. The conchoid. — 
3. The cissoid.— 4. The cycloid 
and epicycloid. — 5. The quadra- 
trix. — 6. Thecatenary. — Rela- 
tions of Catenarian Curves. 

MATHEMATICS. 

of structures. — Equilibrium of 
piers or abutments. — Pressure 
of earth against walls.— Thick- 
ness of walls. — Equilibrium of 
polygons. — Stability of arches. 
— Equilibrium of suspensioii 

hridavfl. 



24 JOHN WEALE^S NEW LIST OF WORKS, 


MATHEMATICS FOR PRACTICAI. MEN. 


Bbct. 

CHAPTER III. DYNAMICS. 

1. General Definitions. 

2. On the general laws of uniform 

and variable motion. — Motion 
uniformly accelerated. — Motion 
of bodies under the action of 
gravity. — Motion over a fixed 
pulley, and on inclined planes. 

3. XIotions about a fixed centre, or 
, axis. — Centres of oscillation and 

percussion. — Simple and com- 
pound pendulums. — Centre of 
gyration, and the principles of 
rotation. — Central forces. 

4 . Percussion or collision of bodies 

in motion. 

5. Mechanical powers. — Levers. — 

Wlieel & axle. — Pulley. — In- 
clined plane. — Wedge and screw. 

CHAPTER IV. HYDROSTATICS. 

1 . General Definitions. — 2. Pressure 
and equilibrium of Non-elastic 
Fluids. — 3. Floating Bodies. — 
4 . Specific gravities. — 5. On 
capillary attraction. 

CHAPTER V. HYDRODYNAMICS. 

1. Motion and effluence of liquids. 

2. Motion of water in conduit pipes 

and open canals, over weirs, 
&c. — ^Velocities of rivers. 

3. Contrivances to measure the velo- 

city of running waters. 

CHAPTER VI. PNEDMATIC8. 

1. Weight and equilibrium of air and 

elastic fluids. 

2. Machines for raising water by 

the pressure of the atmosphere. 

3. Force of the wind. 


SacT. 

CHAPTER VII. MECHANICAL AGEI 

1. Water as a mechanical agent. 

2. Air as a mechanical agent. — C 

lomb’s experiments. 

3. Mechanical agents depending u 

heat. The Steam Engine 
Table of Pressure and Tempt 
ture of i^earo. — General 
scription of the mode of ac 
of the steam engine. — Th 
of the same. — Descriptio: 
various engines, and forrauli 
calculating their power: pi 
cal application. 

4. Animal strength as a mechat 

agent. 

CHAPTER VIII. STRENGTH OF 

MATERIALS. 

1. Results of experiments, and p 

ciples upon which they sh* 
be practically applied. 

2. Strength of materials to n 

tensile and crushing strain 
Strength of columns. 

3. Elasticity and elongation of b 

subjected to a crushing or 
sile strain. 

4. On the strength of materials 

jected to a transverse straii 
Longitudinal form of bean 
uniform strength. — Transv 
strength of other materials 1 
cast iron. — The strength 
beams according to the mai 
in which the load is distribu 

5. Elasticity of bodies subjected 

transverse strain. 

6. Strength of materials to r 

torsion. 


APPENDIX. 

I. Table of Logaritbmic Diflereneet. 

Tl. Table ef Logaritbmi of Numben, from I to 100. 

III. Table of Lo^nthma of Numben, from 100 to JO.OOO. 

IV. Table of Loganthmic Sinea, Tangeuta, Secanto, Ac. 

V. Table of Uainul Facton, eateodinf to aereral plaeea of Decimala. 

VI. Table of varioua Uaeful Numben, with their l/ogarithma. 

VII. Table of Dlameten, Areaa, and Cireumferencea of C'irelea, Ac. 

VIII. Table of Relationa of the Arc, Abaciaaa, Ordinate and Subnormal, io the CsteiMIJ* 

IX. Tablea of the Lengtha and VibratioDa of Penduluma. 

X. Table of SpeciAe Oravitiea. 

XI. Table of Weight of Materials frequently employed in Construction. 

Xll. Principlee of Chronometen. 

XIII. Seleot Mechanical Expedienta. 

XIV. Obsenrationa on the Effect of Old London Bridge on the Tides, Ac* 

XV. Profeseor Faiieh or leonetiical Fenpeettre. 






